VOLUME 31 JANUARY 1953 


Canadian 
Journal of Physics 


Editor: G. M. VOLKOFF 


Published by THE NATIONAL RESEARCH COUNCIL 
OTTAWA CANADA 





CANADIAN JOURNAL OF PHYSICS 
(Formerly Section A, Canadian Journal of Research) 


The CANADIAN JOURNAL OF Paysics is published bimonthly by the National Research 
Council of Canada under the authority of the Chairman of the Committee of the Privy Council 
on Scientific and Industrial Research. Matters of general policy are the responsibility of a 
joint Editorial Board consisting of members of the National Research Council of Canada and 
the Royal Society of Canada. 

The National Research Council of Canada publishes also: Canadian Journal of Botany, 
Canadian Journal of Chemistry, Canadian Journal of Medical Sciences, Canadian Journal of 
Technology, Canadian Journal of Zoology. 


EDITORIAL BOARD 


Representing 
NATIONAL RESEARCH COUNCIL ROYAL SocrETY OF CANADA 
Dr. J. H. L. JOHNSTONE (Chairman), Dr. G. M. VoLkorr, 
Professor of Physics, Professor of Physics, 
Dalhousie University, University of British Columbia, 
Halifax, N.S. Vancouver, B.C. 
Section 
Dr. Otto Maass, Dr. T. THORVALDSON, III 
Macdonald Professor of Dean Emeritus of Graduate 
Physical Chemistry, Studies, 
McGill University, University of Saskatchewan, 
Montreal, P.Q. Saskatoon, Sask. 
Dr. CHARLES W. ARGUE, Dr. D. L. BatLey, 
Dean of Science, Department of Botany, 
University of New Brunswick, University of Toronto, 
Fredericton, N.B. Toronto, Ont. Seite 
Dr. A. G. McCatta, Dr. E. Horne CRAIGIE, ¥ 
Dean, Faculty of Agriculture, Department of Zoology, 


University of Alberta, University of Toronto, 
Edmonton, Alta. Toronto, Ont. 


THE CANADIAN ASSOCIATION OF PHYSICISTS THE CHEMICAL INSTITUTE OF CANADA 
Dr. G. M. VoLKorr, Dr. H. G. THopDE, 
Professor of Physics, \ Department of Chemistry, 
University of British Columbia, McMaster University, 
Vancouver, B.C Hamilton, Ont. 


Ex officio 
Dr. Lto Marion (Editor-in-Chief), Dr. H. H. SAUNDERSON, 
Director, Division of Pure Chemistry, Director, Division of Information Services, 
National Research Laboratories, National Research Council, 
Ottawa. Ottawa. 


Manuscripts should be addressed to: 
Dr. L£Eo Marion, 
Editor-in-Chief, 
Canadian Journal of Physics, 
National Research Council, 
Ottawa, Canada. 


Each manuscript should be typewritten, double-spaced, and the original and one extra 
copy submitted (see Notice to Contributors inside of back cover). 


Subscriptions, renewals, and orders for back numbers should be addressed to: 
Administrative Services, 
National Research Council, 
Ottawa, Canada. 


Subscription rate: $4.00 a year; single numbers: 50 cents. Special rates can be obtained for 
subscriptions to more than one of the Journals published by the National Research Council. 

















| Canadian 
Journal of Physics 


OTTAWA CANADA 








Canadian Journal of Physics 


Issued by THE NATIONAL RESEARCH COUNCIL OF CANADA 


VOL. 31 JANUARY, 1953 NUMBER 1 


THE QUANTIZATION OF CLASSICAL SPIN THEORY! 


By S. SHANMUGADHASAN 


ABSTRACT 


The antisymmetric spin tensor of rank two used to describe the rotational 
motion of a particle is assumed to satisfy the constraint condition that the 
velocity 4-vector is orthogonal to it. Since the dipole moment is proportional to 
the spin tensor, this condition leads always to a purely magnetic dipole in the rest 
system of the particle. Frenkel has indicated how the action principle for the 
classical equations of motion can be set up treating the above constraint con- 
dition as a supplementary condition. The Hamiltonian dynamics of a system 
having supplementary conditions and Lagrange undetermined multipliers has 
been discussed recently by Dirac. Dirac’s method and results previously obtained 
give the required Hamilton-Jacobi equations and Poisson Brackets of the dy- 
namical variables. The cases where the particle behaves like a pure gyroscope 
and a symmetrical top are treated. When there is an interacting field, it is assumed 
that the action of the field is given by the effective 4-vector potential without 
further specification. The orthogonality of the velocity to the tensor dual to the 
spin tensor can be imposed as an alternative constraint condition. This possibility 
is discussed briefly. The quantum formulation is completed with the help of the 
standard analogy rules. 


1. INTRODUCTION 

The present paper is part of a systematic study of the quantization of the 
classical theory of spinning particles begun earlier. In the previous papers (14, 
15, 16) on this subject, there is no connection between the translational motion 
and the rotational motion of the particle. That is, there is no relation between 
the velocity 4-vector of the particle and the antisymmetric tensor of rank two 
used to describe the spin angular momentum of the particle> Then, since the di- 
pole moment is taken to be proportional to the spin of the particle, it is possible 
for a particle which has a purely magnetic dipole moment in some rest system 
to develop in a suitable external field an electric moment perpendicular to its 
magnetic moment in some other rest system. The elementary particles known in 
nature do not seem to behave in this fashion. Because of this, the quantum theory 
corresponding to such a classical theory may not be applicable to the experi- 
mentally observed particles. 

Some authors hold that the spin angular momentum is described in a relativ- 
istic theory by an antisymmetric tensor of the second rank which is orthogonal 
to the velocity 4-vector. Then the spin tensor has only three independent com- 
ponents, and its space-time components vanish in the rest system of the particle. 
When the dipole moment is taken to be proportional to such a spin tensor, the 
particle has always a purely magnetic dipole in the rest system. As a consequence 
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of the above constraint condition the invariant scalar product of the spin tensor 
and of the tensor dual to it vanishes. Further, in the case of free particles without 
an interacting field, the invariant square of the spin tensor is a constant. It is 
assumed to be a constant even when there is an interacting field. This is auto- 
matically satisfied when the dipole moment is proportional to the spin tensor. 
This constant enables one to introduce a fundamental constant of the dimension 
of a length into the theory. There isan extensive literature (7, 17, 1, 2, 13, 10, 20, 
18, 3) on the classical theory of spinning particles using a spin tensor of the above 
type. The quantization of such classical theories is carried out in this paper. 


It may be noted that, when there is no constraint condition on the spin tensor, 
the momentum 4-vector of the particle is parallel to the velocity 4-vector. But 
when there is a constraint condition, the momentum 4-vector consists of two 
parts, one parallel to the velocity and the other (arising from the spin angular 
momentum) normal to the velocity. “‘Longitudinal’’ and ‘transverse’? momenta 
have appeared as a feature of the theories of the electron set up by Abraham and 
by Lorentz using extended models for the particle. 

Frenkel (7) has shown how the constraint condition can be taken into the 
variational principle for the equations of motion as a supplementary condition 
by using a Lagrange undetermined multiplier 4-vector. But he has not discussed 
the corresponding canonical formalism. Though there have been subsequent 
attempts (11, 8, 9, 12) to do this, the results obtained are not completely satis- 
factory. The undetermined multiplier 4-vector is responsible for the difficulty. 
However, in his scheme of generalized Hamiltonian dynamics, Dirac (5) has 
dealt with the canonical formalism of a dynamical system of exactly the type 
considered here. Immediate application of the work of Dirac leads to the required 
canonical formalism. But the results obtained previously when there is no con- 
straint condition are necessary for the purpose. 

The two cases considered are those in which the particle has a total spin angu- 
lar momentum analogous to that of a pure gyroscope or of a symmetrical top (for 
brevity referred to thus below). The particles considered are either free or inter- 
acting with a field. When there is a field, it is supposed that the effective field is 
used in the various equations. This field is not specified precisely, because this 
question has not been satisfactorily settled at present. The dynamics of the field 
variables is therefore not discussed. 

The spin theory considered here evidently shows more interesting mathemati- 
cal and physical features than the spin theory quantized previously. This paper 
is devoted only to the canonical formalism and the straightforward quantization 
using the analogy rules. Other developments and the discussion of the quantum 
theoretical equations obtained below are reserved for a later paper. 


2. HAMILTONIAN DYNAMICS OF THE PURE GYROSCOPE 


The usual relativistic notation in Lorentz space, given in (15), is used in this 
work except when stated otherwise. Let p, be the momentum 4-vector, , = v, the 
velocity 4-vector, S,, the spin tensor, and N,, the total spin angular momentum 
tensor. In the case of the pure gyroscope, N,, is just S,,. Then, when there is no 
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interacting field, the conservation of energy, momentum, and angular momentum 
gives the equations 


[2.1] pb, = 9, 
[2.2] a. = Pu ta = Py Up» 


where the dots denote differentiation with respect to the proper-time s. The 
above and the constraint condition between v, and S,, 


[2.3] So =0 


form the complete scheme of equations. 

Introduce now the angular velocity tensor P,, of the rotating particle. P,, is 
the velocity corresponding to the quasi-coordinate rotation tensor Q,,, so that 
P,,= dQ,,/ds. Let the particle be at the origin of a fixed system of coordinates. 
Let y, be a vector of constant magnitude attached to the particle. When the 
particle is subjected to an infinitesimal rotation dQ,,, the vector y, rotates with 
the particle, and the change in y, when referred to the fixed coordinate system 
is given by 


[2.4] dy, = dQ, y’. 

Similarly 

[2.5] 5¥u = 5Quy y”. 

The change in the tensor S,, due to an infinitesimal rotation dQ,, is 
[2.6] dS, = [dQ.S],., 

so that 

[2.7] Sp» = [P. Sloe. 


Here [P.S],, denotes P,, S*,— P S*,. 
The transitivity equation corresponding to the quasi-coordinates Q,, is easily 
obtained as follows. From [2.4] and [2.5] one gets 


ddy, = y” 5dQ,, + dQ,, dy” = y” 6dQ,, + y’ dQ,, 60”, 
diy, = y’ déQ,, + y’ 6Q,, dQ*.. 


Since édy,= déy,, it follows that y’(éd — dé)Q,, = y’[6Q.dQ],,. Since this is 
true for all y’ of the specified type, the transitivity equation for Q,, is 


[2.8] (6d — d5)Q,, = [6Q. dQ],,. 
For later use this is written in the equivalent form 
(6d — d5)Quy = 2 {Boy (ga" Bs" — Ba Bs) — Bar (Zs Bs" — Bs’ Bs) 
+ gas(gs" gy” — g5” £5") — g58(Ba" 27" — Ba” 8y°)}60" dQ” 
[2.9] = Cas 73 80% dQ”, 


say. 
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The canonical formulation of the equations of motion is carried out here with 
the help of an action principle. Consider the action integral 


[2.10] I, = Jf tas = f (p, v" — 4S,, P*’)ds. 


The integrand of [2.10] (that is the Lagrangian) is positively homogeneous of 
degree one in the derivatives with respect to the parameter s. Therefore the 
action integral [2.10] is independent of the parameter s except that s appears in 
the limits of integration. One can transform to any other parameter provided the 
limits of integration are the same. Since from [2.8] 


8S,, P”’ + S,,éP”” = S,,d(6Q*")/ds, 
and since 6p,= 6Q,, p’, the variation of J; gives 


[2.11] 6/2, = (p, 62" — 3S,,5Q""); 


+f {bebe + HSu — duos + p.0,)6Q" Ids, 


where the suffix s shows that the quantity is taken at the final value s. In forming 
6/, the variations of the dynamical variables are taken to vanish at so. As pointed 
out by Dirac (4), there is no need to vary the limits, since s is arbitrary. 


The coefficients of 6z* and 6Q#’ in the expression under the integral sign in 
[2.11] give the correct translational and rotational equations of motion [2.1], 
[2.2] respectively. Therefore [2.10] is the correct action integral for a free spinning 
particle without the constraint condition [2.3]. When the equations of motion 
are taken into account, the remaining terms of 6/; give the canonically conjugate 
coordinates and momenta of the dynamical system in the usual way. Thus the 
Poisson Brackets (henceforth called P.B.’s) satisfied by the momenta p, and the 
coordinates s, are 


[2.12] (Zu, 2>] = 0, [py Py] = 0, [Dus Zo] = Sur. 


The quasi-momenta conjugate to the quasi-coordinates Q*" are — S,,. The 
P.B.’s for the Sag variables can be deduced from this by the following analysis. 
Let the quasi-coordinates Q* and the true coordinates qg*’ be connected by 


[2.13] dQ™? = 14%, dq”, dq” = 4B"".s dQ™, 
so that 
[2.14] 14°, BY’. = O08, 


3 - . . ra . 
where 655 is the generalized Kronecker symbol. Then, from [2.13] and [2.9], 


one gets 


(6d — dé)Q™ = 3{(0A%,,/dq") (5q” dg” — dq” 5q””)} 
= 1h (GA s/4q”") — (8A pe/9q*)}B™ ys BY, 5Q” dQ 


[2.15] = C%~2.440" dO. 
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The quasi-momenta R,s and the corresponding true momenta p,, obtained from 
the Lagrangian L are connected by 


te a 
* a -2 ag’” a0 
so that p,,= 3A%,, R,s. Then, since the p,, are true momenta and the B*’,, are 

functions of the true coordinates g*’, the P.B.’s satisfied by Rag are given by 


[Ras, Rys] = 3 [Pr BM as, Pre B”*,s] 
= 3{B™ a6 PrelPrw, BY ys] + B' ys PrlBM as, Pre]} 
= 3{BMag A” ve Ryr(dB"y3/4q™) — Bs A” My Ror (Bas /9q” )} 
= — 3{(0A",,/dq™) — (0A"y,/49”)}BM as B”ys Rpx 


3Pu» Bras, 


[2.16] = — 20" ap va Ror 
The relation [2.15] and relations of the form 
A*'4(8B™ys/0q™) + B”y:(0A"" e/g") = 0 


obtained by differentiating [2.14] have been used in the above reduction. Since 
Ras= — Sas from [2.11], it follows from [2.9] and [2.16] that 


[2.17] [Sas, Sys] = — gay Sas + Say Sas + Sas Spy — 208 Say- 


This has been obtained before in (14, 15, 16) by different methods. 

In order to set up the action principle for the complete scheme of equations of 
motion, the constraint condition [2.3] is treated as a supplementary condition. 
Then, as in the work of Frenkel (7), the required action integral is 


[2.18] I= 1; +f a” S,,v" ds, 


where J; is given by [2.10] and a* is the Lagrange undetermined multiplier 
4-vector. I, is independent of the parametric representation used. Now 


61. = él, ob (a’ ii 62"), + 
[2.19] + (ar (s,, a’) + 4[S.D],, 80” + S,, v” ba"}ds, 


where D,, denotes a, 0,— 4, dy. 

The coefficients of 5z* and 6Q#’ in the expression under the integral sign in 
[2.19] give the translational and rotational equations of motion. Note that the 
new momentum 4-vector is the sum of the unconstrained 4-momentum from [2.10] 
and of a’ S,,. The coefficient of da“ gives the supplementary condition [2.3]. From 
[2.19] it is seen that the momenta canonically conjugate to the coordinates a“ 
vanish. The canonical formulation of these equations therefore follows the method 
given by Dirac (5, §8) for systems of this type. Eden (6) calls such a system 
a constrained holonomic system. 
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When a dynamical system has coordinates whose canonically conjugate mo- 
menta vanish, Dirac does not count these variables as coordinates from the 
beginning, and does not introduce momenta conjugate to them at all. The La- 
grange equations corresponding to such coordinates are treated as supplementary 
conditions. These supplementary conditions can be expressed in terms of the 
canonically conjugate coordinates and momenta, and involve the variables, such 
as a“ in the present case, which have no conjugate momenta. By treating the 
supplementary conditions expressed thus as strong equations in the sense of 
Dirac (4, 5), the variables such as a“ are defined in terms of the canonically 
conjugate coordinates and momenta. Then the variables of the type a“ play no 
further role in the theory. 

Since the momentum 4-vector corresponding to the action integral [2.10] can 
be written in the form Mv,, where M is a constant, the total momentum corre- 
sponding to the action integral [2.18] has the form 


[2.20] Py = My — Sy a 


z, and this p, satisfy the usual P.B.’s [2.12]. To define a, in terms of p, and S,, 
using Dirac’s method, the supplementary condition [2.3] is written, with the help 
of [2.20], in the form 


Si(p” + S” az) = 0, 


where = is used to denote a strong equation. Multiplication of this equation by 
S;# gives 


[2.21] SF Saf + 3p Soe Soe 20. 

When S,, satisfies [2.3], Bhabha (1, equation (22)) has obtained the relation 
[2.22] SF Se Se — $i Sas". 

Therefore [2.21] becomes 2.5;" S,, p” — Sag S*’ S,. a’ = 0. Hence 

[2.23] Syn" 2S Sut SSeS", 

[2.24] Gy, © 2S. 2"/ Sag S”. 


Note that a, p*= 0, a, v'= 0. 

With the help of [2.23], [2.20] becomes p, = Mv, — 25S," Sve p°/ Sas S™. 
Squaring both sides of this relation, and taking into account v, “= 1, S,,v’= 0, 
and [2.22], one gets the Hamilton—Jacobi equation for a constrained pure gyro- 
scope with no interacting field to be 


[2.25] Dud” + (2S Sp" p’/ Sap S**) — M?* = 0. 
In view of [2.24], this can be written in the form 
[2.26] by bY — Sag Sa, a” — M*’ = 0. 


The correct classical equations of motion are obtained by choosing a“ equal 
to #. If this value of a“ is inserted in the action integral, then the canonical 
formalism of Weyssenhoff (19) for a Lagrangian containing the second derivative 
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of the coordinate can be applied to this action integral. But, because of [2.3], the 
momenta conjugate to the canonical coordinates equal to the velocity of the 
particle vanish in the weak sense. Therefore one is led back to Dirac’s method 
for the discussion of the canonical formalism. 

Instead of [2.3] it is possible to impose the constraint condition Siv’= 0, 
where S¥, is the tensor dual to S,,. If the dipole moment is taken proportional 
to the spin tensor, this condition gives a particle with a purely electric moment 
in the rest system of the particle. This new condition can be treated exactly as 
before using b* as the Lagrange undetermined multiplier 4-vector (in place of 
a“). Then since 


St, S*™” S*%, mw 4S%, Sop SY, Sag SY me — SYS, 


one gets the strong equations 
Snot’ 2S, SO R/SaS, bw Ieee, 
defining }, in terms of p, and S%,. The Hamilton-Jacobi equation in this case 
(with no interacting field) is 
[2.27] pu p* + (25% S**, p* p’/ Sts S**) — M* = 0, 


or 


[2.28] Pp pb” — 4525 S*™d, b* — M’ = 0. 

Consider now the case of a particle interacting with a field. It is assumed with- 
out further comment that the interaction of particle and field is completely 
specified by the effective potential 4-vector A, and the field f,, derived from it 
in the usual manner. The interaction contributes suitable terms to the action 
integral. The correct equations of motion for a particle interacting with a field 
follow from the action integral (independent of the parameter) 


[2.29] I; = { (Mo — 4CSye f°’) (u,v)! + eA, v” — 4S,, P*” +0” S,, 0'}ds, 


where M and C are arbitrary constants. For 
51s = [{(M — 3CSpe fo, + CA, — Sy a”}i2" — 35S,, 60"), 


+f [{ev"(d, A, — 9d, Ai)uwe™ CS oe af” 


a ‘ ((M@ on iCS, f" ie Spo a’) }é2" 
[2.30] + BL Sye + [S.Dlur — C1Sflur}5Q" + Syo 0” ba”lds, 


where 0, denotes 0/dx* and where x v* has been replaced by unity after the 
variation. 
The new momenta p, conjugate to 2 are 


p, = (M — 4CS,. fv, + eA, — Spr”. 


p, and z, satisfy the usual P.B.’s [2.12]. The quasi-momenta canonically conju- 
gate to the quasi-coordinates Q*’ are again — S,,, so that the variables Sas again. 
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satisfy the P.B.’s [2.17]. If x, denotes p,— eA,, then the definition of a, in terms 
of the other variables is obtained exactly as before except that p, must be re- 
placed by z, in the calculations. Thus, when there is a field, 


[2.31] dy = 2S,4"/ Sas S™, 

[2.32] my = (M — 3CS™ foe), — 2Syr S's °/ Sap S™, 

The Hamilton-Jacobi equation is then 

[2.33] 4” + '2(Sa' Sie’ e'/ Sa S*) — (M — 4CS,. f*)* = 8, 
or 

[2.34] r.8" — 4Sug Sa, a” — (Al — 4CS,, f*)* = 0, 


where a, is now defined by [2.31]. 

The canonical formalism of a dynamical system is complete once the Hamilton— 
Jacobi equations and the P.B.’s satisfied by the various dynamical variables are 
known. 

3. HAMILTONIAN DYNAMICS OF THE SYMMETRICAL TOP 

The total spin angular momentum of the symmetrical top is given by 


[3.1] Nur = Sy + K[S. 5S], 


where K is an arbitrary constant. When there is no constraint condition of the 
form [2.3], the correct action integral for this particle interacting with a field has 
been found previously in (15). It has been seen above how the action integral 
for the constrained system can be obtained from the unconstrained system. 
In the notation of this paper, the correct action integral (independent of the 
parameter) for the Bhabha—Corben equations of a constrained symmetrical top 
interacting with a field is therefore 


as J {(M — 3CS,- f"*)(v, 0°) + @hg 0” — ESpp P” 


(3.2] — 1K Sy, Sv, 0°) + a" Sy, v"}ds, 
where a“ is again the undetermined multiplier 4-vector. For 
51, = [{(M + KS, SY — 3CS ye fy, + CAy — Sy a”}52" — 3 N56"), 


+ J eo" Far — CS pdn 7 — SCM + 2K Spe S” — ACS ye fp — Sur”) 0 


[3.3] + 43{N,, + [SD]. — ClSJ1.}é0” + S., 0" &a"lds, 


where v, v has been replaced by unity after the variation. 
From [3.3], the momenta p, conjugate to 2 are given by 


[3.4] Du = (M+ 4K Spe S — 30S pa fy + CAy — Suv’, 


and the quasi-momenta conjugate to the quasi-coordinates Q*” are — N,,, where 
N,, is defined by [3.1]. 2, and p, satisfy the usual P.B.’s [2.12]. The analysis used 
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to deduce [2.17] can be applied here to give the P.B.’s of the total spin angular 
momentum variables Nas, which are 


[3.5] [Nass] ae ey Nas + Lay Nas + £as Nay ae Noy, 


in agreement with the results of (15, 16). However, the method does not give 
the P.B.’s satisfied by the variables Sag, Sas, which are essential for the canonical 
formalism. But the P.B.’s satisfied by these variables have been discussed in 
detail in (15, 16), and the results obtained there are taken over in the follow- 
ing work. Since Sag S*“= 0 here, these P.B.’s are 


[ Sas, Sys] - 0, 
[ Sua, Sya] = (gay 885 — Bey Bas — 4Sug Sys/Sye S”)/K, 


3.6 a a - 2 pe 
4 [Sap)Sy3] = 2(gay Nas — g6y Nas — as Noy + 888 Nay)/K ‘Spe S”, 
[Nas, Sys] = = Rear Sas + Lay Sas + Las Spy — £5 Sans 
[2 a8, Sya] = — Sov Sas + £py Sus + Las Soy — £86 a, 


a, is defined in terms of p, and S,, by writing the constraint condition [2.3], 
with the help of [3.4], in the form 


Suo(x” + Sa.) = 0. 


Hence 


(3.7] a, = 2S,.2°/ Sep S”, 


and from [3.4], x, = (M + 3K Sy. S” — 43CSye fu — 2Syx Sr, 4°/ Sap S™. 
The Hamilton-Jacobi equation for the constrained symmetrical top is therefore 


[3.8] wee” + (2S, Se"e’/ Sag S™*) — (M + 4K Sye S* —4CSy f*)” = 0, 
or 
[3.9] x,.2" — 4Seg S% a, 0" — (M + 1KS,, S” — 4CS,. f*)* = 0, 


with a, defined by [3.7]. When there is no field, the Hamilton-Jacobi equation 
becomes 


[3.10] py p” — Sag S* a, a” — (M + 3KS,, S*)’ = 0, 


where a, is now 2S,, p’/Sas S%. This completes the canonical formulation of the 
symmetrical top. 


4. QUANTIZATION 


The quantum theory of a given dynamical system is obtained from the canoni- 
cal form of the classical theory by using well-known rules. The quantum state 
of a system is described by a vector called a ket vector in the terminology of 
Dirac. The classical dynamical variables are replaced by the corresponding linear 
operators which operate on the ket vectors in the ket vector space. The linear 
operators are in general noncommuting. The required commutation relations are 
obtained from the P.B.’s satisfied by the dynamical variables according to the 
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rule & — n& = ih [é,n] where &, n are any two variables. The Schrédinger wave 
equations of the quantum theory are obtained fromthe Hamilton-Jacobi equations 
by equating to zero the quantity obtained by making the operator formed from 
the left-hand side of the Hamilton—Jacobi equation act on the ket vector. That 
is, the Hamilton-Jacobi equation F = 0 leads to the Schrédinger equation 
F\) = 0, where |) denotes the ket vector. Since one is dealing with noncommut- 
ing operators, ambiguities may arise in the order of the factors when one has to 
deal with products of two or more variables. The order of the factors must be 
chosen in such a way that the quantum theoretical scheme obtained is consistent. 


The above rules can be applied to the various Hamilton—Jacobi equations and 
P.B.’s considered above to obtain the corresponding quantum theoretical schemes. 
The variables S.3 are noncommuting in the case of the pure gyroscope. Also the 
7, Variables are noncommuting. But if the Hamilton—Jacobi equations are taken 
in the form [2.26], [2.28], [2.34], [3.9], or [3.10], then the apparent ambiguity is 
removed. This completes the quantization of the spin theory considered here. 


I take this opportunity to express my gratitude to Dr. G. Herzberg, Director 
of the Division of Physics, for many acts of kind encouragement. 
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A SIMPLIFIED IONIZATION GAUGE CIRCUIT! 
By F. J. Fitz OsBporneE? 


ABSTRACT 

By measuring the ratio of ion current to electron current present in the usual 
ionization gauge, an extremely stable circuit has been developed, comparing 
favorably with standard circuits. A simple calibration made during construction 
makes this gauge direct reading. The circuit may be used for outgassing the gauge, 
and for leak hunting, being very sensitive in this respect. It incorporates a safety 
cutoff. It has relatively few controls, and is extremely cheap. For several months 
we have operated gauges in this laboratory with several types of circuit, and find 
that the one described in this paper is simpler and more rugged although just as 
useful and versatile as our modified Rainwater instrument. 


The ionization gauge is now one of the more popular devices for measuring 
high vacuum. Stable operation of such a gauge requires battery supplied po- 
tentials or fairly elaborate stabilizing circuits such as that developed by Rain- 
water (1). In general such circuits are based on grid current stabilization with 
consequent extra power supplies and high current tubes, and a proportionate high 
cost of construction. 

Two circuits were built and tested in the laboratory in an attempt to simplify 
the circuit but retain the conventional features. The first made use of a tubeless 
stabilizer built around a specially wound saturable reactor. This proved practical 
but was not considered satisfactory because of high power dissipation and par- 
ticularly because of the necessity of using nonstandard components. 


Sibati, Tuzi, and Kumagai (2) have recently pointed out that the measure of 
vacuum is really the ratio of electron to ion currents in the gauge. They produced 
a circuit for a particular application in which by measuring this ratio directly 
they avoided variations and instability caused by effects acting on both currents 
simultaneously (i.e. varying filament emission). The circuit described below is a 
refinement of their design and includes modifications which increase the utility 
of the instrument. 


OPERATION 


The operation of the circuit (Fig. 1) isas follows. The ionization gauge filament 
current is adjusted by means of the 2 ohm rheostat until the meter switch S; on 
the A position indicates that the normal grid current (10 ma. for 1949 and VG 2 
gauges) is flowing. This value is marked on the meter face. The grid current of 
the gauge passes through the metering shunt, and then through the resistor Rj, 
where it produces a grid voltage for the left 6AC7. 

The vacuum range switch S; and the resistor R; are then placed on zero and 
the circuit balanced by means of the 5K potentiometer as indicated by the meter 
reading zero when switched to the center or measuring position B. The meter has 
been altered to be zero centering for simplicity of measurement, but since a null 
method is used this is not a necessity. 


1 Manuscript received July 4, 1952. 
Contribution from the Department of Physics, Laval University, Quebec, Que. 
2 Holder of a grant from the Scientific Research Bureau, Province of Quebec. 
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By selecting R, and the plate current resistor, a null reading will be obtained 
on the meter (B position). The values of the resistor settings necessary for balance 
enable us to calculate the ratio of plate to grid current, and from the manu- 
facturer’s data, the controls may ‘be calibrated directly in pressure units. Thus 
in Fig. 1, the plate current resistors indicate factors of 10‘, 10-5, 10-*, and 
10-7 mm. of Hg respectively, while R,; gives a multiplying factor which is con- 
tinuously variable from 1-20. The vacuum is read as being equal to multiplying 
factor times the vacuum factor. 

Degassing is done by means of the metering switch, which when shifted to the 
C position connects an extra 5 volt winding in series with the gauge filament and 
shunts the meter so that the current may be read. This current may be adjusted 
by the 2 ohm rheostat. 

Leaks in the system to which the gauge is attached may be detected by using 
the effect of ether on the emission of the gauge filament. At balance, an increase 
in the filament emission caused by the ether vapor has no effect on the meter 
reading, and it is therefore necessary to turn off one side of the balance circuit. 
This may conveniently be done by setting the vacuum range switch to zero. If 
the balance potentiometer is then used to bring the meter on scale and the fine 
vacuum potentiometer R; set to some convenient value, any abrupt change in 
the emission will affect the meter. This method is more sensitive than simple 
metering of the grid current inasmuch as the fluctuations are amplified. The 
setting of R, controls the amount of amplification and thus the sensitivity of the 
circuit as a leak detector. 

The safety relay is also operated by the ionization gauge plate current, which 
in passing through a 10K resistor changes the voltage on the grid of the 6J5. 
Should the current become too large, the relay in the plate of the 6J5 closes and 
cuts off the gauge filament, as well as any auxiliary apparatus plugged in at A. 


MODIFICATIONS 


The circuit published by Sibati et al. required batteries for the proper plate 
voltage. The design presented here eliminates the batteries by the use of pentodes. 
Examination of Fig. 1 shows that the cathode, control grid, and screen grid of 
one side of the balance circuit are maintained an extra 25 volts above ground 
by a voltage dividing network. This 25 volts is the plate voltage for the gauge 
tube. The balance between the grid current tube and the ion current tube is not 
disturbed because the plate current of a pentode is virtually independent of the 
plate voltage over a reasonable range. 

The divider method of supplying the voltage for the plate of the gauge makes 
the voltage somewhat dependent upon the grid current, but the effect is small 
enough to be neglected because of two factors (a) a high divider current minimizes 
variations in the plate voltage with variations in grid current over the normal 
drift range; (6) small changes in plate voltage of the usual ionization gauge pro- 
duce very small changes in the sensitivity. 

The gauge circuit utilizes a null method of: measurement, which is for some 
applications a disadvantage. By suitable choice of the circuit constants, the gauge 
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has been made direct reading when at null. For gauge tubes other than the RCA 
1949, the resistor R; must be recalibrated according to the sensitivity of the gauge 
tube. For use when a null reading is not desirable, the meter face might be cali- 
brated in units above or below balance. It must be emphasized however, that 
such readings are only approximate because when the instrument is off balance, 
variations in the ionization gauge conditions change the calibration. 


CONCLUSION 


The entire instrument may be built for about fifty dollars as contrasted with 
two hundred dollars for the conventional circuit. The circuit is quite portable and 
very convenient to use. As well as performing the usual measurements, it should 
be useful where variations in vacuum are to be studied or vacuums reproduced 
as in the source of a mass spectrometer. The scale is linear and well spread, the 
accuracy being determined by the gauge data and the resistor calibration. 

This work was carried out under the direction of Dr. Larkin Kerwin, as part 
of a project aided by the Scientific Research Bureau of the Province of Quebec. 
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A PRISMATIC SUBSTRUCTURE FORMED DURING 
SOLIDIFICATION OF METALS! 


By J. W. Rutter? AND B. CHALMERS? 


ABSTRACT 


Single crystals of tin grown from the melt under a wide range of conditions are 
shown to exhibit a fibrous structure which manifests itself as parallel ridges 
(‘corrugations’) on the free surface of the specimen and as a hexagonal network 
(“hexagonal cells’’) on the growing solid—liquid interface. The center of each cell 
projects into the liquid. Segregation of impurities is shown to occur during 
solidification in a manner intimately related to the structure. The structure is 
suppressed by growth at low speeds or under a steep temperature gradient. The 
size and regularity of the elements of the structure depend upon speed of growth, 
temperature gradient, and impurity content. A theory is advanced which ac- 
counts for the origin and observed properties of the structure. This theory shows 
that the structure consists essentially of a particular distribution of impurities 
resulting from nonequilibrium solidification. 


INTRODUCTION 


This research was undertaken as part of a study of solidification of metals at 
the Department of Metallurgy, University of Toronto. Its purpose was to in- 
vestigate a particular substructure known to occur in metal crystals grown from 
the melt. The results of two other pieces of research, forming part of the solidifi- 
cation stud¥, have been reported previously. One concerns another substructure 
known as “striations” (9), which occurs in crystals grown from the melt; the 
other concerns dendritic growth (11). 

The structure to be described here consists of parallel elements of rodlike form, 
having the appearance shown in Fig. 1 when viewed from a direction perpen- 
dicular to their axis. They form in a direction approximately parallel to the di- 
rection of growth. The cross section of each element is approximately hexagonal, 
as shown in Fig. 2. This structure was observed as early as 1934 by Buerger (1), 
who referred to it as a ‘lineage structure’’. His experimental information was not 
sufficient to allow a satisfactory explanation of its existence to be given. The most 
recent work concerning this phenomenon is that of Pond and Kessler (7) re- 
ported in 1951. These workers recognized only thermal effects and, as a result, 
their experiments were incomplete. They failed to give a satisfactory explanation 
of the existence and observed properties of the structure. A criticism of their 
paper will be published elsewhere (4). 

In contrast to the work of Pond and Kessler, the present work consists of an 
investigation of the phenomenon in terms of thermal, constitutional, and crystal- 
lographic conditions. This broader approach to the problem has made it possible 
to develop a theory which accounts for the observed facts. 


1 Manuscript received July 15, 1952. 
Contribution from the Department of Metallurgical Engineering, University of Toronto, 
Toronto, Ontario. 
2 Graduate Student, Department of Metallurgical Engineering, University of Toronto. 
3 Professor of Physical Metallurgy, Department of Metallurgical Engineering, University of 
Toronto. 
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MATERIALS AND METHODS 

The principal material used in this research was ‘‘Chempur” tin, supplied by 
Messrs. Johnson, Matthey and Company, of London, England. The purity of 
this material is stated to be 99.986%, with the major detectable impurities lead, 
bismuth, iron, antimony, and copper. 

Specimens were produced by growth from the melt, using the technique de- 
scribed by Chalmers (2). This technique allows growth of specimens consisting 
of a controlled number of crystals, each with a predetermined crystallographic 
orientation. This is accomplished by growing specimens from ‘‘seed”’ crystals of 
known orientation. Growth is carried out in a horizontal graphite container or 
‘boat’. This has the important advantage of yielding a specimen with one surface 
which solidifies out of contact with the container. The heat required to melt the 
tin is supplied by a small nichrome-wound furnace mounted on a trolley and 
placed around the boat. Removal of the furnace at a controlled rate allows so- 
lidification to proceed at the desired speed. The rate of movement of the interface 
separating solid and liquid, that is, the speed of solidification, depends upon the 
rate at which the latent heat of fusion can be conducted away from the interface 
into the solid. The speed of solidification is not, in general, equal to the speed of 
movement of the furnace. With this method of growth, heat flow in the specimen 
is approximately linear. The technique has been used for many metals, with 
modifications according to the temperature, atmosphere, and boat material re- 
quired in each case. A complete description of this technique has recently been 
given by Chalmers (3). 

In order to record the speed of growth of a specimen, the surface of the liquid 
was disturbed at regular intervals during growth, causing a ripple to be frozen 
in at the position occupied by the top of the solid—liquid interface at that time (9). 

The solid—liquid interface was exposed for subsequent observation by rapidly 
pouring the liquid out of the boat at the desired stage of growth (11). This was 
accomplished either by tilting the boat or by removing a graphite stop to allow 
the liquid to run out. 

Determinations of crystallographic orientation were made by means of back 
reflection Laue X-ray diffraction photographs. These were analyzed by the 
method due to Greninger (6). 

Modifications of the general techniques noted above, and also*other special 
techniques, were used in this research. They will be described in connection with 
the observations which they yielded. 

EXPERIMENTAL OBSERVATIONS 


Introduction 
For the sake of convenience, a definition of speeds of growth from the melt 
follows: 
Designation Speed Range 
Slow Less than 1 mm. per min. 
Intermediate 1 mm. per min. to 13 mm. per min., approximately 


Fast Greater than 13 mm. per min., approximately 
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Fic. 1. (Upper left) Unetched free surface of tin crystal, showing corrugations. 


cation 20 X. Oblique illumination. 


Fig. 2. (Upper right) Decanted interface of tin crystal. Speed of growth 4 mm. 


Magnification 100 X. Bright field illumination. 

Fic. 3. (Lower left) Decanted interface of tin crystal. Speed of growth 7.5 mm 
Magnification 100 X. Bright field illumination. 

Fic. 4. (Lower right) Decanted interface of tin crystal. Speed of growth 13 mm 
Magnification 100 X. Bright field illumination. 
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PLATE II 





Fic. 5. (Upper left) Section of tin erystal, cut by means of etching solution. Magnification 
200 X. Dark field illumination. 

Fic. 6. (Upper right) Section of silver crystal, cut electrolytically. Magnification 75 X. Dark 
field illumination. 

Fic. 7. (Lower left) Decanted interface of tin crystal showing breakdown of hexagonal cells 


at slow speeds of growth. Speed of growth 0.5 mm. per min. Magnification 75 X. Bright field 
illumination. 


Fic. 8. (Lower right) Decanted interface of tin crystal showing disappearance of cellular 
structure at slow speeds of growth. Speed of growth 0.4 mm. per min. Magnification 75x. 
Bright field illumination. 








PLATE III 





+4 


Fic. 9. (Upper left) Decanted interface. Chempur tin plus 0.1% lead. Speed of growth 
3.6 mm. per min. Magnification 75 X. Bright field illumination. 

Fic. 10. (Upper right) Decanted interface. Control sample, Chempur tin. Speed of growth 
3.8 mm. per min. Magnification 75 X. Bright field illumination. 

Fic. 11. (Lower left) Decanted interface. Chempur tin plus 0.3% antimony. Speed of growth 
3.9 mm. per min. Magnification 75X. Bright field illumination. 

Fic. 12. (Lower right) Decanted interface. Chempur tin plus 0.3% lead. Speed of growth 
3.8 mm. per min. Magnification 75 X. Bright field illumination. 
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DIRECTION OF GROWTH 
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These limiting speeds mark changes in the structure found in specimens grown 
by the method described previously. However, these structural changes depend 
upon factors other than speed. Therefore, the definition is restricted to specimens 
grown under conditions closely similar to those usually used in this research. 
Modification of the limiting speeds given above will be dealt with subsequently. 

The top, free surface of unetched crystals of tin grown in the intermediate 
speed range shows a “‘corrugated” appearance at low magnification (Fig. 1). The 
corrugations (as they will be called hereafter) are actually ridges running along 
the surface of the specimen. They are not visible on the sides of the specimen 
which solidified in contact with the graphite boat. Examination of the interface 
exposed by decanting the liquid metal during growth in the intermediate speed 
range reveals a network of cells, roughly hexagonal in shape, as shown in Figs. 
2, 3, and 4. Using oblique lighting, it was found that the center of each cell pro- 
jects into the liquid metal with respect to the boundary of the cell. This obser- 
vation was confirmed by making a light scratch on the decanted interface of a 
specimen with a glass rod which had been drawn to a fine point. Examination 
with a microscope showed that, where the scratch was not too deep, it existed only 
in the center of each cell crossed, and it was therefore concluded that the bounda- 
ries are depressed with respect to the centers of the cells. 

The question arises whether the structures described above are surface or 
volume phenomena. In order to answer this question, a tin crystal was cut 
chemically with ferric chloride etching solution. The etching reagent was applied 
locally to the specimen by means of a fine nylon thread which was driven around 
two pulleys, through a tray of etching solution, and over the specimen. Pressure 
of the thread on the specimen was very light, so that it only served to convey the 
fresh etching solution to the cut being made and to get rid of the reaction 
products. This method of cutting leaves a strain-free surface. Fig. 5 is a photo- 
micrograph of the surface obtained by cutting a tin crystal in this manner, 
approximately perpendicular to the specimen axis. It shows that the cellular 
structure persists in the interior of the crystal. Fig. 6 was obtained from the 
surface exposed by cutting electrolytically a silver crystal which showed the 
corrugation structure. These photomicrographs show that the cellular structure 
persists in the interior of the crystal and is, therefore, a volume phenomenon. 
It is concluded that the corrugations and cells are two views of one structure 
consisting of parallel elements of prismatic form, each having a cross section 
which is approximately hexagonal. 





Fic. 13. (Upper left) Decanted interface of tin crystal showing enlarged cells which appear 
at fast speeds of growth. Speed of growth 12 mm. per min. Magnification 75x. Bright field 
illumination. 

Fic. 14. (Upper right) Branching of corrugations on free surface of tin bicrystal. Magniti- 
cation 75x. Bright field illumination. 

Fic. 15. (Center) Autoradiograph of lead crystal containing antimony. Magnification 4X. 
Copied from original by transmitted light. 

Fic. 16. (Lower left) Decanted interface of tin crystal, showing suppression of the cellular 
structure by a steep temperature gradient. Temperature gradient in liquid during growth was 
75 C.° per cm. Speed of growth 2.8 mm. per min. Magnification 75 X. Bright field illumination. 

Fic. 17. (Lower right) Area adjacent to Fig. 16. Disappearance of the cells was caused by 
the steep temperature gradient present. 
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Corrugation and Cell Size 

Several specimens were produced in which the [110] direction was parallel to 
the specimen axis and the (001) plane parallel to the top, free surface. Con- 
ditions of growth were the same for each except for the modifications imposed 
by withdrawing the furnace at a different rate in order to obtain a different speed 
of growth for each specimen. Measurements of the spacing between corrugations 
were made on these samples by using a microscope with a travelling stage. It was 
found that the spacing is a function of the speed of growth, becoming smaller as 
the speed is increased. This relation is shown in Fig. 18. Each point plotted 
represents the average of approximately 15 measurements made on one specimen. 
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Fic. 18. Corrugation spacing vs. speed of growth. 


A decanted interface was obtained on each crystal of this series. From photo- 
micrographs of these interfaces, the average cell diameter was measured. It was 
found to correspond, within experimental error, to the measurements of corru- 
gation spacing as a function of speed of growth given in Fig. 18. 

As shown by Figs. 2, 3, and 4, the cells in any one specimen may vary con- 
siderably in size. The corresponding corrugation spacing behaves in the same 
way. It must, therefore, be noted that the measurements above give only the 
average dimensions. The regularity of size and shape of the cells which is evident 
at speeds of about 5 mm. per min. is lost, to some extent, at higher and lower 
speeds. 

No measurements were made of the extent to which the centers of the cells 
project into the liquid with respect to the cell boundaries. However, for the inter- 
mediate speed range, it is estimated that this extent, on the decanted interface 
is of the order of one-tenth of the cell diameter. It was observed that the average 
height of the cell centers increases as the speed of growth increases in this speed 
range. It should be noted that if the cell boundaries take the form of very narrow 
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grooves during growth, then part of the liquid which they contain will be re- 
tained by surface tension when decantation is carried out. Therefore, the depth 
of the cell boundaries observed on a decanted interface may not be the same as 
that which was in existence during growth of the crystal. 


Direction of Formation of Corrugations 


- Several crystals were grown in which the (001) plane was parallel to the free 
surface of the specimen and the [110] direction made an angle ¢ with the specimen 
axis. In each case, the speed of growth was varied along the length of the speci- 
men. Measurements of corrugation direction were made on these specimens with 
a microscope fitted with a rotating stage which was calibrated in tenths of a 
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Fic. 19. Direction of formation of corrugations. 


degree. These measurements showed that at the lower end of the intermediate 
speed range (1 or 2 mm. per min.) the corrugations tend to form in a direction 
parallel to the direction of heat flow, independent of the angle ¢. For a given 
value of ¢ the direction of the corrugations tends more and more towards the 
[110] direction as the speed is increased. For a given speed, the angle between the 
corrugations and the direction of heat flow increases as ¢ is increased. The form 
of this relationship is shown in Fig. 19 and is in qualitative agreement with the 
same relation for striations studied by Teghtsoonian and Chalmers (9). The lack 
of quantitative agreement must be due toa difference in experimental conditions 
other than speed of growth since it has been observed that corrugations and 
striations never cross, but always run in the same direction in the same regions 
of the specimen. 


Bounding Planes of the Structural Elements 


From the photomicrographs (Figs. 2, 3, and 4) of decanted interfaces, which 
are cross-sectional views of the corrugation structure, it is clear that the boundary 
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planes of the elements do not run in any preferred crystallographic directions. 
The hexagonal boundary lines appear to be randomly oriented. 


Growth at Slow Speeds 


As the speed of growth approaches the lower limit of the intermediate range, 
the corrugation spacing and cell size become relatively large and do so quite 
rapidly, as indicated in Fig. 18. The corrugations then cease to be visible and the 
surface of the specimen appears smooth, on their scale of size. Observations on 
the decanted interface are difficult under these limiting conditions because of the 
narrow range in which the structure changes and the fact that precise knowledge 
of the speed of growth when decanting took place is not readily obtainable. Con- 
ditions of growth do, in general, vary over the interface obtained. However, 
observations have shown that the cellular structure first degenerates into a 
system of bands, approximately vertical and parallel, as shown in Fig. 7. This 
occurred at a speed of growth of about 0.5 mm. per min. under the experimental 
conditions used to produce the specimen of Fig. 7. As the speed is decreased still 
further, these bands vanish, leaving only a few widely-spaced boundaries having 
the appearance shown in Fig. 8. These boundaries can be identified as striation 
boundaries (9), and are visible in Fig. 7 also. It is concluded that the conditions 
of growth which occur when the furnace is withdrawn at a rate which gives 
growth at slow speeds will not support the existence of the corrugation structure. 
The striations still exist under these conditions. 


Growth at High Speeds 

The attainment of fast speeds of growth is marked by the appearance of visible 
dendritic growth, and dendritic formations can often be observed on the free 
surface of unetched specimens grown at high speeds (11). These dendrite “‘heads’’, 
as they are called, are portions of the metal which solidified in advance of the 
general solid—liquid interface. No corrugations are visible in the dendrite ‘‘head”’ 
itself, but they are present over the rest of the surface, which was produced by 
advancement of the general interface. 

At the lower limit of the high speed range, a small percentage of the cells 
present on the interface become enlarged. They increase greatly in diameter and 
the center of each enlarged cell projects much farther into the liquid metal than 
the neighboring cells, as shown in Fig. 13. Enlarged cells in all stages of develop- 
ment, from slight enlargement visible only under the microscope to projections 
visible to the unaided eye, have been observed in specimens of Chempur tin. It 
is concluded that the cellular structure which occurs in the intermediate speed 
range becomes unstable under the conditions of growth brought about by re- 
moving the furnace at a rapid rate, without forced cooling of the specimen, to 
secure a high speed of growth. Observations indicate that these enlarged cells 
may be the beginnings of dendrite stalks (11). Again, it should be borne in mind 
that the speed at which enlarged cells first appear depends upon the details of 
the experiment. Working with lead of 99.999% purity, Weinberg and Chalmers 
(11) found that dendrites can only grow into a supercooled liquid. Their speci- 
mens were grown by the method used in this research. 
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Incubation of Corrugations 


Striations and corrugations are both present in the seed crystals which are 
normally used, and these continue into the crystal grown from the seed. How- 
ever, it is possible to produce specimens grown at any desired speed which contain 
an area that is free from striations (9). By using a seed which is narrower than 
the crystal being grown, an area (‘‘A”’ in Fig. 20) is produced where the crystal 
widens and in which new striations must nucleate, since those present in the seed 
do not continue into this area although the orientation of the seed crystal is 
maintained. A considerable incubation period is found for the striations so that 
they may not be present for a distance of a centimeter or more from the graphite 
insert. However, the corrugations were found to be in existence as close to the 
insert as observations could be made. Owing to the curvature of the surface 
caused by surface tension, close examination was not possible at less than 1 or 
2 mm. from the insert. 


sen Ee —, GRAPHITE INSERT 





GRAPHITE BOAT C___ SEED CRYSTAL 


Fic. 20. Position of striation-free area. 


It is possible to grow a bicrystal (two-grain specimen) in which the boundary 
between the crystals runs in a direction different from that of the striations and 
corrugations. Thus, in one grain of a bicrystal, an area can be produced which is 
free from striations owing to their long incubation period, by causing the bounda- 
rv torun in a direction similar to that of the edge of the graphite insert mentioned 
above. The corrugations and striations form independently in the two parts of 
the bicrystal and do not cross the crystal boundary. Fig. 14 is a photomicrograph 
taken on the boundary of such a bicrystal. It is seen that the corrugations do not 
require an incubation period and, in fact, fill in the region where new corrugations 
are required by branching. One corrugation appears to run continuously beside 
the boundary, and branching from it occurs when its distance from the existing 
corrugations becomes somewhat larger than normal for the speed of growth. The 
appearance at the boundary on the decanted interface of cells which are larger 
than normal is in accord with this observation. 


It is of interest to note that the crystal boundary does, in general, follow the 
cell boundaries from the top to the bottom of the specimen. There are exceptions 
to this, and cases are often found where a crystal boundary ¢uts across a cell on 
the interface of a specimen. It is possible that this may be due to movement of 
the crvstal boundary subsequent to solidification. 
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Orientation Differences 

To determine whether orientation differences exist in the corrugation structure, 
X-ray back reflection Laue photographs were made from the top surface and the 
decanted interface of a number of specimens, including both striated and non- 
striated areas. Good angular resolution was obtained by using a fine pinhole made 
from a length of glass thermometer tubing. The piece used was 45 mm. in length, 
with a bore of elliptical cross section measuring 0.22 X 0.11 mm. A specimen-to- 
film distance of 8 cm. was used, and this gave an X-ray spot.which covered about 
60 cells on the interface of a specimen, or 5 to 10 corrugations on the free surface. 
Individual orientation differences, between neighboring elements of a structure 
of the size of the corrugations, could not be measured with this arrangement. 

The Laue photographs obtained showed spots which had a fine structure 
different from that obtained for striations (9). In photographs obtained from 
striated areas, the normal structure given by striations was present also. Detailed 
analysis of the spots indicated that orientation differences of up to 15 min. of arc, 
and random in direction, exist in the corrugation structure. 


Segregation of Impurities 

A radioactive tracer technique was used to determine the disposition of small 
amounts of impurity in single crystals grown by the method used in this research. 
Radioactive antimony 124, which is a beta-gamma emitter with a 60-day half- 
life, was selected as the impurity to be used owing to its availability; lead of 
purity 99.999% was chosen as the parent metal because the addition of antimony 
to lead causes the most usual effect of depression of the liquidus temperature. The 
corrugation and cell structure described for tin occurs also in the case of lead of 
99.999% purity. A specimen was grown using this lead with ;\th% by weight of 
the radioactive antimony added to it. It was desired to make an autoradiograph 
of the free surface of the specimen. For’ this purpose, the surface must be very 
clean. To produce the required surface on lead, which oxidizes rapidly at its 
melting point compared to tin, a special technique of growth was used (10). 


A 8B 





Fic. 21. Graphite boat of special design, used to obtain specimens which had a clean, oxide- 
free surface. 


To obtain a clean, oxide-free surface, the specimen was grown under a nitrogen 
atmosphere in a special graphite boat. This boat was made in two levels, con- 
nected by a narrow hole, as shown in Fig. 21. It was placed in a Pyrex tube 
through which a small flow of nitrogen gas was maintained and the moving 
furnace was placed around the tube. The unalloyed metals were located initially 
in the upper half of the boat and melted from end B (Fig. 21) towards the hole. 
Melting of the metal adjacent to the hole allowed the liquid filling the upper half 
of the boat to run into the lower level, leaving the oxide in the upper half and 
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giving a melt which had a very clean surface. A Geiger counter showed later 
that some of the radioactive antimony remained in the upper half of the boat. 
As a result, it is probable that the antimony content in the specimen was only 
about 0.05%. The specimen was solidified, without seeding, from the hole towards 
end A of the boat at a speed which ranged from 0 to 10 mm. per min., approxi- 
mately. It was found to consist of one large crystal with a few smaller ones 
at the end which solidified last. 

The specimen was placed on a Kodak nuclear track plate (N.T.B. type) with 
the top, free surface in contact with the emulsion, for an exposure of 28 hr. A 
portion of the autoradiograph thus obtained is reproduced in Fig. 15; it shows 
clearly segregation of the radioactive antimony into lines running at a small angle 
to the specimen axis. The spacing and direction of these lines were found to be 
the same as the spacing and direction of the corrugations visible on the specimen. 

After the specimen was annealed for 23 hr. at 300°C. in a nitrogen atmosphere, 
another autoradiograph was made from the free surface; this showed that the 
lines of radioactive antimony had disappeared during the annealing. 

It was concluded from these observations that segregation of small amounts 
of impurity occurs during freezing and that this segregation is intimately related 
to the corrugation structure, since it occurs with the same spacing and direction. 

The autoradiograph also revealed a variation of average antimony content 
along the axis of the specimen. Average blackening of the plate was greater at 
the end of the specimen which solidified last, becoming progressively less as the 
end which solidified first was approached. This showed that the average antimony 
content of the solid increased progressively along the specimen as solidification 
proceeded. This distribution was relatively unaffected by annealing for 23 hr. 
at 300°C. 

““Banding’’, which is a segregation of impurities into layers transverse to the 
direction of solidification, is also visible in Fig. 15. This effect has been reported 
previously for polonium in bismuth and for gold in silver (8). 

Visible Effects of Impurity Addition 

Using Chempur tin as the starting material, two series of specimens were pre- 
pared with increasing impurity content in each. Lead was added as impurity in 
one series, and antimony in the other. Added lead lowers the liquidus temperature 
of tin, while antimony raises it. Thermal conditions, specimen and apparatus 
geometry, and crystallographic orientation were the same during growth for each 
specimen. The speed of growth was 3.7 + 0.5 mm. per min. when decantation 
was carried out in each case. 

The structure is very sensitive to impurities. Figs. 9, 10, and 11 show that, in 
both cases, the addition of impurity caused an increase in average cell size and a 
decrease in cell regularity. An increase in impurity content caused a marked 
increase in the length of the projections formed on the growing interface. 

When Chempur tin was used, the solid—liquid interface appeared clearly de- 
fined to the unaided eye during growth of the specimen. Addition of lead or 
antimony to the extent of 0.1% or more caused the interface to become much less 
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well-defined on the surface of the growing specimen. Agitation of the melt showed 
that a thin layer of liquid existed on the surface to a distance of about 1 mm. 
behind the average position of the interface below the surface. Since the top 
surface is a particular case of cell boundaries, this observation indicates a marked 
difference in solidification temperature between the cell boundaries and cell 
centers. This is in accord with the observation of segregation of impurities shown 
by autoradiography, because the temperature at which solidification can begin 
in a metal depends upon its composition. 


Effect of Temperature Gradient 

To determine the effect which the temperature gradient present along the 
specimen axis during growth has upon the cellular structure, several specimens 
of Chempur tin were grown from a seed crystal which was water-cooled at one 
end. The seed crystal was fused to a tin block cast around a copper coil which 
carried the cooling water. The temperature gradient present at the time of de- 
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Fic. 22. Cell diameter vs. temperature gradient in liquid, for speed of growth of 5 mm. 
per min. 


canting was varied by altering the position, along the boat, at which decantation 
was carried out. The average temperature gradient in the solid was known from 
the temperature of the cooling water and that of the solid—liquid interface. From 
this, the temperature gradient in the liquid was calculated, approximately. 

It was found that the cell size decreases as the temperature gradient is in- 
creased, as shown in Fig. 22. For a given speed of growth, a critical temperature 
gradient is reached at which the cellular structure breaks down, as shown bv 
Figs. 16 and 17, in the manner described for slow speeds of growth. It is concluded 
that the structure can be suppressed by a sufficiently steep temperature gradient. 
For example, a temperature gradient in the liquid adjacent to the interface of 
about 75 C.° per cm. is just sufficient to suppress the structure in a specimen of 
Chempur tin when the speed of growth is 2.8 mm. per min. 

Observations on the corrugations showed that the temperature gradient does 
not affect their direction of growth. 
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The speed of growth of a specimen from the melt is determined by the rate at 
which the latent heat can be conducted away from the solid-liquid interface into 
the solid. This rate of removal of heat is controlled by the difference between the 
temperature gradients in the liquid and in the solid adjacent to the interface. 
The usual method of obtaining a high growth rate is to increase the speed of 
movement of the furnace, with no provision for cooling the solid end of the speci- 
men. This method was used in the experiments relating cell size and corrugation 
spacing to speed of growth, described previously. Since the interface temperature, 
which is the highest temperature in the solid, must remain nearly constant and 
no forced cooling is used, the temperature gradient in the solid must be relatively 
unaffected by speed of movement of the furnace. The lowest temperature in the 
liquid is fixed, since it is the interface temperature, and, as a result, the tempera- 
ture gradient in the liquid is affected relatively to a much greater extent. A high 
speed of furnace movement produces a small temperature gradient in the liquid 
by moving the hottest point away from the interface. It will be seen, therefore, 
that an increase in speed brought about by this method is accompanied by a 
decrease in the temperature gradient in the liquid. 


The question arises whether cell and corrugation size are controlled by speed 
of growth, by temperature gradient, or by both. Suppose that temperature 
gradient in the liquid were the only factor controlling cell size. Since an increase 
in speed of growth causes a decrease in the temperature gradient in the liquid, it 
would be concluded from Fig. 18 that a decrease in the temperature gradient in 
the liquid produces a decrease in cell size. However, the results described in this 
section show clearly that an increase in temperature gradient in the liquid causes 
a decrease in cell size. Since these two statements are contradictory, the original 
hypothesis that the temperature gradient in the liquid is the only factor control- 
ling cell size must be incorrect. It is therefore concluded that an increase in speed 
of growth causes a decrease in cell size. 


Summary of Observations 

(1) Under the conditions established during growth from the melt in the 
intermediate and fast speed ranges, the solid—liquid interface and the free surface 
of a specimen are not plane or uniformly curved over distances greater than 
about 0.05 mm. It is concluded that a smooth interface is unstable under these 
conditions. 


(2) This instability leads to the production of a fibrous structure in the crystal. 
The structure manifests itself as parallel ridges (corrugations) on the top, free 
surface of the specimen and as cells, roughly hexagonal in shape, on the growing 
solid-liquid interface. The center of each cell projects into the liquid with respect 
to the cell boundary. 


(3) Added to lead as an impurity, radioactive antimony segregates during 
solidification of the lead in the intermediate speed range. The antimony appears 
as lines which have the same spacing and direction as the corrugations present 
in the specimen. In addition to this effect, there is also a progressive increase in 
average impurity content from the part of the specimen which solidified first to 
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the part which solidified last, as well as segregation into bands transverse to the 
direction of growth. 

(4) In the case of Chempur tin, the cell diameter and corrugation spacing are 
of the order of 0.05 mm. This size is decreased by an increase in growth rate and 
by an increase in temperature gradient in the liquid metal; it is increased by an 
increase in impurity content. 

(5) The regularity of the corrugation and cell structure is influenced by speed 
of growth, temperature gradient, and impurity content. The cells are most regular 
in size and shape when growth is carried out at speeds near the middle of the 
intermediate range; this regularity is lost to some extent with increase or decrease 
in speed. An increase in impurity content causes a decrease in cell regularity. An 
increase in temperature gradient along the specimen axis causes an increase in 
cell regularity, except as noted in (9) below. 

(6) The bounding planes of the structure are randomly oriented with respect 
to the crystallographic axes of the specimen. 

(7) Under conditions of growth at the lower limit of the fast speed range, 
established by moving the furnace at a suitable rate without forced cooling of the 
specimen, a small percentage of the cells present on the interface become greatly 
enlarged in comparison to their neighbors. A further increase in speed produces 
visible dendritic growth. 

(8) Under the conditions in existence during growth at the lower limit of the 
intermediate speed range, the corrugations cease tobe visible and the hexagonal 
cell structure degenerates into a system of bands, approximately vertical and 
parallel. These bands vanish with further reduction in speed of growth and the 
solid-liquid interface then appears smooth. The striations are still present after 
the corrugations and cells have disappeared completely. 

(9) The structure of corrugations and cells can be suppressed by the use of a 
sufficiently steep temperature gradient along the specimen axis. 

(10) No observable incubation period is required for initiation of the structure 
in an area into which it is not propagated. 

(11) Orientation differences, random in nature and up to approximately 15 
min. of arc, exist in the structure. 

(12) The direction of formation of the structure depends upon the crystallo- 
graphic orientation of the specimen and the speed of growth. The preferred 
direction of growth in tin is [110]. It is approached more closely as the speed of 
growth is increased. The direction of formation is not influenced by the tempera- 
ture gradient present. 

(13) The structure has been observed in specimens of tin, lead, zinc, aluminum, 
nickel, silver, and copper. 


THEORY OF CORRUGATION AND CELL FORMATION 


It must be emphasized that the metal used in this research was not completely 
pure; it is, of course, impossible to remove all the impurity from a sample of 
metal. However, the impurities were usually present to such an extent as to be 
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soluble in the solid parent metal. It is therefore necessary to consider what can 
occur during solidification of metal of such composition that it forms a single 


phase, at least just after solidification. 


Equilibrium Solidification 

Solidification under equilibrium conditions is represented by the equilibrium 
diagram. It will be assumed that the solid is a single phase, continuous with the 
pure metal. Under this assumption, the equilibrium diagram can take either one 
of two alternative forms, as shown in Figs. 23 and 24. The binary equilibrium 
diagram will be used here for simplicity because the principles which it represents 
apply also to svstems having more than two constituents. 
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As shown by the equilibrium diagram, at any stage in the process of equilibrium 
solidification, the solid present is all of one uniform composition and is in equi- 
librium with liquid which is all of another uniform composition. This situation 
is illustrated by Fig. 25, which indicates the distribution of the minor constituent 
along the axis of a specimen that is being solidified from one end under equilibrium 
conditions. The uniformity of composition must be maintained by the process of 
diffusion. Since diffusion is a relatively slow process, particularly in the solid 
state, specimens produced by the method used in this research do not solidify 
under equilibrium conditions, especially at intermediate and fast speeds of growth. 
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Fic. 25. Equilibrium impurity distribution. 


The equilibrium diagram does not give information concerning nonequilibrium 
freezing, but it does tell what will happen if an indefinite period of time is avail- 
able for the process to occur. Accordingly, the liquidus may be regarded as a 
plot of the temperature at which it is possible for freezing to begin, against 
composition, and the solidus as a plot of the temperature at which it is possible 
for melting to begin, against composition. For example, liquid of composition Y 
(Fig. 23) can begin to solidify at temperature 7), if nucleation occurs in it, and 
not above 7); solid of composition Y can begin to melt at temperature 72, and 
not below 7». 

Nonequilibrium Freezing 

Suppose that a specimen has been partly solidified, as illustrated in Fig. 26, 
and allowed to reach equilibrium at an interface temperature 73, composition of 
the solid B, and composition of the liquid C (Fig. 23). Assume that the solid- 
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liquid interface is a plane surface, perpendicular to the axis of the specimen. If 
now the temperature gradients are modified to allow extraction of latent heat 
from the interface into the solid, solidification will start from an equilibrium 
condition. 

The first solid which forms must be of composition B; if the composition were 
to the right of B in the diagram, the solid would melt. As solidification proceeds, 
the composition of liquid and solid must move to the right in the equilibrium dia- 
gram toreach the final over-all composition of Y. However, time is not allowed dur- 
ing nonequilibrium freezing for the diffusion of impurity, which is necessary to 
maintain uniform composition throughout the solid and throughout the liquid, to 
occur. The impurity concentration change must originate at the interface where 
freezing is taking place and, as a result, the concentration of impurity in the 
liquid must increase in the neighborhood of the solid—liquid interface. The im- 
purity distribution in the liquid will then take the form shown in Fig. 27. 
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Fic. 27. Impurity distribution in liquid along a line perpendicular to the interface under 
nonequilibrium conditions. 


Since the impurity concentration in the liquid adjacent to the interface is 
increased, the temperature at the interface must fall, or the impurity content 
must decrease again, before solidification can proceed. This is because the temper- 
ature at which it is possible to obtain solidification decreases as impurity content 
increases. Under nonequilibrium conditions, diffusion is slow, but temperature 
changes are relatively rapid. Therefore, starting from equilibrium, an increase 
in impurity content in the neighborhood of the interface will be accompanied 
by a decrease in interface temperature as solidification under nonequilibrium 
conditions proceeds. The curve of Fig. 27 can then be interpreted as in Fig. 28, 
where the temperature at which freezing can begin in the liquid is plotted as a 
function of distance from the interface. 

If the temperature distribution in the liquid is as shown by the straight line 
in Fig. 28, then it is seen that each element of the liquid between the interface 
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and a parallel surface at distance X from it is at a temperature below that at 
which it is possible for solidification to begin. That is, each element of this volume 
is below its equilibrium liquidus temperature, and is therefore in an unstable 
condition since it would begin to solidify if nucleation were to occur in it. Part 
of this layer can solidify without extraction of heat from it. 

Since this layer of liquid is below its equilibrium liquidus temperature, it is 
supercooled. However, the supercooling is, in this case, caused primarily by the 
composition changes which have occurred in the liquid, rather than by thermal 
changes such as might be brought about by rapid cooling of the melt (11). Super- 
cooling caused by composition changes will be referred to here as ‘‘constitutional 
supercooling’’. 
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Fic. 28. Variation of equilibrium liquidus temperature and of specimen temperature with 
distance from interface during growth. 


Consider a small element of volume, fixed at some distance in the liquid ahead 
of the original interface position. As the advancing solid-liquid interface ap- 
proaches it, the impurity concentration in this volume element must increase 
and, therefore, more impurity must enter it than leaves it while the interface 
is approaching. As a result, the impurity content vs. distance curve must 
be as shown in Fig. 27 to cause this necessary increase. Since the equilibrium 
liquidus temperature is approximately a linear function of composition, in general, 
over the range under consideration, the equilibrium liquidus temperature vs. 
distance curve must have the form shown in Fig. 28. 

Suppose that the possible spontaneous solidification without heat extraction 
which can occur in the unstable layer of liquid is initiated by the solid crystal 
present. Part of the liquid will then solidify, forming a small projection on the 
plane interface as shown in Fig. 29. Assume that the projection is stable, and 
grows at the same rate as the adjacent interface. The temperature at the surface 
of the projection is open to question; suppose that the entire interface, including 
the projection, is an isothermal. If this is the case, lateral heat flow will occur into 
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the projection from the adjacent liquid, reducing the amount of latent heat 
which can be conducted through the projection. and suppressing its growth. 
Therefore, if the projection is stable, the interface cannot be an isothermal. 

If the tip of the projection, B, and the point A on the plane interface (Fig. 29) 
are growing at the same rate and temperature, then the distribution of impurity 
in the liquid adjacent to each will be the same, as shown in Fig. 29. As a result, a 
concentration gradient will exist between point B and a neighboring point, C, in 
the liquid, and diffusion of impurities will take place from B towards C, reducing 
the concentration at B and increasing it at C. The liquid adjacent to the tip of 
the projection will be depleted by this diffusion of impurities and, therefore, 
solidification will be able to take place at a higher temperature there. The liquid 
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Fic. 29. Growing interface with projection. 


adjacent to A will be enriched in impurities and thus solidification must take 
place at a lower temperature in that region. As a result of this diffusion, point B 
can continue to grow at the same rate as point A, although the temperature at 
B is higher than at A. It is clear that as a projection forms on a plane interface, 
diffusion of impurities will enable its tip to grow at a higher temperature and will 
force the adjacent plane interface to grow at a lower temperature. The: resulting 
interface, therefore, cannot be an isothermal unless the conductivity of the solid 
or liquid is infinite. 

The effect of a higher temperature at the tip of the projection on the thermal 
conditions is illustrated in Fig. 30, where temperature is plotted as a function of 
distance along the specimen axis. In Fig. 30, the temperature vs. distance curves 
are drawn as straight lines. This would be the case for linear heat flow were it 
not for the specific heat which is evolved owing to the fall in temperature of all 
parts of the material during growth. This causes the slope of the temperature vs. 
distance curves to increase continuously from the hot (liquid) end to the cold 
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(solid) end of the specimen if the heat flow is linear. However, the temperature 
must be uniform across the specimen at large distances from the interface both 
in the solid (7,) and in the liquid (7) and, therefore, the relative positions 
of the curves shown in Fig. 30 will not be affected. It is seen that the temperature 
along a line parallel to the direction of heat flow through the tip of the pro- 
jection, B, is higher at all points near the interface than at corresponding points 
on a similar line through A. Therefore, lateral heat flow must occur from the 
projection to the neighboring solid and liquid. Because of this lateral heat flow, 
more latent heat can be removed at the projection than at the neighboring inter- 
face. This promotes growth of the projection while suppressing growth of the 
interface adjacent to it. 
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Fic. 30. Temperature distribution along specimen through plane interface and through 
projection. 


The above considerations show that if a projection is formed on a plane, 
growing interface, both diffusion and thermal conditions are established which 
favor growth of the projection relative to the interface adjacent to it. It is there- 
fore concluded that such a projection will be stable and will persist as long as the 
conditions of growth necessary for its initial formation are maintained. 


There is a limit to the extent to which a projection can advance into the liquid 
and still maintain favorable heat flow conditions. The temperature, T,, at B 
cannot rise above the solidification temperature, Jy, of the pure metal and the 
lowering of the temperature, 74, of the interface adjacent to the projection will 
be limited by the amount of impurity which can build up there in view of the 
process of diffusion into the main body of liquid. If conditions such as those 
shown in Fig. 30 for the point B’ are reached, lateral heat flow into the base of 
the projection will begin and this will have attained large proportions if the point 
B” is reached by the tip of the projection. This unfavorable heat flow would 
suppress growth of the projection and, as a result, a projection can advance only 
to a limited extent into the liquid with respect to the interface adjacent to it. 


ea 


RUTTER AND CHALMERS: PRISMATIC SUBSTRUCTURE 33 


Growth of a projection in a direction parallel to the interface is hindered by 
the accumulation of impurity accompanying it. There is no possibility of diffusion 
of impurity comparable to that which can take place at the tip of the projection. 

It will be seen that the alternative possible form of the equilibrium diagram, 
shown in Fig. 24, does not basically alter the arguments presented above. In this 
case, diffusion of impurity would occur towards a projection, resulting in the 
same thermal conditions and a similar, though reversed, diffusion pattern. 

The diffusion of impurities parallel to the interface from a projection and the 
lateral heat flow produced both cause a local reduction in the extent of the zone 
of liquid which is below its equilibrium liquidus temperature and also in the 
number of degrees by which it is below that temperature. These effects reduce 
the probability of spontaneous initiation of solidification in the zone of liquid 
around the projection, or suppress growth of another projection if it does start 
in that region. However, at some distance from the projcc*‘on, conditions at the 
interface will be practically unaffected by its presence. The influence of the pro- 
jection will extend to the circumference of a circle, the size of which is governed 
by the rate of diffusion of impurities in the liquid and the thermal diffusivity of 
the liquid and solid. Outside this circle, the conditions which gave rise to the 
first projection still exist. Therefore, a number of projections, each with its own 
“circle of influence’, will form on an initially plane interface if the unstable 
constitutionally supercooled zone of liquid is established during nonequilibrium 
freezing. It is, therefore, concluded that the solid—liquid interface should consist 
of an array of projections when growth under such nonequilibrium conditions 


takes place. 


Summary of Theory 

(1) Accumulation of impurities in the liquid adjacent to a growing solid— 
liquid interface occurs during nonequilibrium freezing. 

(2) This accumulation of impurities results in the formation, adjacent to the 
growing interface, of a layer of liquid which is below its equilibrium liquidus 
temperature and is, therefore, in an unstable state. It is necessary that the equi- 
librium liquidus temperature vs. distance curve and the temperature vs. distance 
curve in the liquid should intersect as shown in Fig. 28 to produce this effect of 
constitutional supercooling. 

(3) A spontaneous solidification, without heat extraction, is initiated in this 
unstable zone at the solid—liquid interface by the large crystal present, resulting 
in formation of a small projection on an initially plane or uniformly curved 


interface. 

(4) Diffusion of impurity from the liquid at the tip of the projection to the 
surrounding liquid occurs. This allows solidification at the tip of the projection to 
proceed at a higher temperature than at the plane interface and forces solidifi- 
cation to occur in the region around the base of the projection at a lower tempera- 
ture than at the plane interface. 

(5) This rise in temperature at the tip of the projection produces the favorable 
thermal condition of lateral heat flow from the projection to the surrounding 
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liquid and solid, promoting growth of the projection. This favorable thermal 
condition is maintained only if the projection does not extend into the liquid 
beyond a certain amount, provided that the temperature increases away from 
the interface into the liquid. 


(6) The factors noted above should result in formation of an array of pro- 
jections on an initially smooth solid—liquid interface during nonequilibrium 
solidification. 

DISCUSSION 


The theory which has been presented shows that, if certain conditions are met 
during solidification, a smooth solid—liquid interface is unstable and that this 
instability should result in the production of an array of projections on the grow- 
ing interface. This accounts qualitatively for the presence of the cellular structure 
observed on the decanted interface. The diffusion of impurities away from the 
tips of the projections must result, according to the theory, in a difference of 
impurity content between the center and the boundary of each element of the 
structure. Such segregation was found by using the radioactive tracer technique, 
as described previously. If the equilibrium diagram is as shown in Fig. 23, the 
cell boundaries should be enriched in impurities, while in the case of Fig. 24 the 
cell boundaries should be depleted in impurities. The fact that the impurities are 
dispersed by annealing shows that they must have taken up their position during 
freezing, in agreement with the theory. It is clear, both theoretically and experi- 
mentally, that the structure consists essentially of a particular distribution of 
the impurities contained in the specimen. The features of this structure, as ob- 
served experimentally, will now be discussed in relation to the theory. 


The decrease in volume of the metal on solidification causes a lowering of the 
liquid level in the boat as solidification proceeds. As a result, some of the liquid 
contained in those vertical cell boundaries which terminate at the top, free 
surface of the specimen will run out before it can solidify, producing the ridges 
which are here called corrugations. 


The formation of the first few cells on an interface which is initially plane will 
occur at random, resulting from chance initiation of spontaneous solidification 
in the zone of unstable liquid. This randomness must decrease as the number of 
projections increases and the possible sites become occupied, but the initial com- 
plete formation will be comparatively random. The projections which survive this 
initial period will continue to grow as long as growth conditions are not changed, 
and it is to be expected that some lateral growth of each projection will occur if 
growth conditions are not the same on all sides of it. If the “circles of influence”’ 
of two projections overlap, then growth will be slower on the neighboring faces 
than on the outside faces, resulting in translation of the axes of the projections 
parallel to the interface and away from each other. The projections will therefore 
tend to adjust themselves in such a way that their circles of influence fit together 
in the most advantageous way; they can best do this by forming a close-packed 
array. This will result in hexagonal boundary lines between elements of the 
structure, and accounts for the shape of the cells observed on a decanted interface. 
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The size of the cells will be controlled by the following factors which are proper- 
ties of the material of the specimen: 


(a) The probability of spontaneous solidification occurring at the interface 
when the liquid adjacent to it is below its equilibrium liquidus temperature by a 
given amount. 


(6) The coefficient of volume diffusion of the impurities in the liquid metal. 


(c) The thermal diffusivities of the liquid and solid metal. . 
It appears very difficult to estimate the cell size which will result from simul- 
taneous operation of these factors. No attempt to do so will be made here. 


”~ The effect of various conditions of growth on cell size may be deduced 
qualitatively : 


(a) If the temperature gradients in the liquid and solid are steep, a high pro- 
portion of the latent heat liberated at each projection will be conducted into the 
solid in a direction parallel to the specimen axis, and a relatively small proportion 
will be conducted parallel to the interface. This will cause a reduction in the 
“circle of influence” of each projection and, therefore, a reduction in cell size 
should occur as the temperature gradient along the specimen axis is increased. 
This has been shown experimentally to be the case. 


(b) When the speed of growth is high, little time is allowed for diffusion ot 
impurities parallel to the interface. The ‘‘circle of influence’’ of a projection is, 
therefore, reduced as the speed of growth is increased and the cell size must re- 
duce accordingly, as is observed experimentally. 


(c) If the total impurity content in a specimen is increased, the length of the 
projection will be increased because the width of the unstable zone of liquid has 
been increased. These longer projections may be expected to exert an influence 
over a large area on the interface. The cell size should, therefore, increase as the 
impurity content is increased, as was observed. 

Some irregularity of the structure is to be expected on the basis of chance 
initiation of spontaneous solidification in the unstable zone of liquid. However, 
by means of lateral growth, the projections should tend to form a very regular 
structure. For this to occur, there must be the possibility of establishing very 
uniform thermal and diffusion conditions at the growing interface. At speeds of 
growth well within the intermediate speed range, the cellular structure shows no 
asymmetry. That is, the cells do not tend to be elongated in any particular 
direction. But at speeds of about 0.5 mm. per min., asymmetry does occur in a 
very pronounced manner, as shown by Fig. 7. The appearance of the vertical 
lines shown there can be accounted for by convection set upin the liquid. It is 
therefore probable that the lack of regularity observed in the cell structure as 
these slow speeds are approached is due to the effects of convection. The process 
of convection is a relatively slow one and, therefore, it only has a noticeable effect 
at speeds near the lower end of the intermediate range, where it has time to 
operate and where the extent of the projections is not large enough to break up 
possible convection paths. At speeds approaching the fast range, little time is 
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available for diffusion parallel to the interface. It seems likely that this is the 
cause of cell irregularity at these speeds. 

The bounding planes of the elements of the structure will be determined 

initially by the positions on the interface in which the projections first form. Since 
this is governed by random initiation of spontaneous solidification in the un- 
stable zone of liquid, the bounding planes should show no preferred orientation 
except that imposed by subsequent adjustment of the projections into a close- 
packed arrangement. This is in agreement with the observations. 
_ As noted previously, the achievement of a high growth rate by rapid removal 
of the furnace, without forced cooling of the solid, is brought about largely by a 
reduction in the temperature gradient in the liquid. Since it is the rise in tempera- 
ture from the interface to the hot end of the boat which controls the extent to 
which the projection can grow ahead of the average position of the interface, a 
condition will be reached on lowering of the temperature gradient in the liquid 
such that they may grow practically to an unlimited extent. Under these con- 
ditions, one projection may grow ahead of its neighbors. If this occurs, greater 
diffusion of impurity will be possible, and it will continue to grow ahead into the 
liquid, since the restraining influence of the temperature gradient is not present. 
As the projection moves into regions free from the influence of neighboring pro- 
jections, conditions will be established along it similar to those existing at a 
plane, growing solid—liquid interface, and growth perpendicular to the axis of the 
extended projection will become possible. It will then increase in width. This. 
accounts for the appearance on the interface of enlarged cells at high speeds of 
growth. Finally, secondary projections may form on the extended one when it has 
advanced to a region uninfluenced by conditions at the interface from which it 
grew. This may account for the production of dendrites at high speeds of growth. 
It should be noted, however, that the formation of enlarged cells, and perhaps 
dendrites, is a result of heat flow and diffusion conditions established in the liquid, 
and not directly of the speed of growth (11). 

It will be seen from Fig. 28 that when the temperature vs. distance curve is 
tangent at the interface to the curve relating equilibrium liquidus temperature 
to distance, then there exists in the liquid no region which is below its equi- 
librium liquidus temperature. When this condition is attained, no projections can 
form and a smooth interface will be stable. If the speed of growth is slow, more 
time is available for diffusion of impurities into the main body of the liquid and, 
therefore, the slope of the equilibrium liquidus temperature vs. distance curve 
will be relatively small. This results in reduction of the unstable zone of liquid 
as the speed of growth is reduced and finally in its disappearance, for a fixed 
temperature gradient in the liquid. This accounts for the disappearance of the 
corrugation structure at low speeds of growth. It is clear that an increase in the. 
temperature gradient in the liquid will reduce the extent of the unstable zone, 
and therefore a sufficiently steep temperature gradient will suppress the structure 
for a given speed of growth. This is in accord with the observations. 


The experimentally observed absence of any appreciable incubation period for 
formation of the corrugation structure is predicted by the theory. As soon as any 
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area comparable with the size of a cell is formed into which the existing structure 
is not propagated, then is established the condition of a plane interface, with, 
adjacent to it, a zone of liquid which is below its equilibrium liquidus tempera- 
ture. A new element of the structure may then form, or branching of the existing 
corrugations may occur as is usually observed. 

If solidification occurs at a given fixed rate, the impurity concentration near 
the interface of the specimen should reach a certain value, determined by equality 
of the rate of accumulation of impurity caused by movement of the interface and 
the rate of diffusion of the impurity into the main body of liquid. However, when 
the impurity content at the extreme hot end of the boat is affected by diffusion 
of impurities from the interface, the concentration will rise there. This will affect 
the concentration gradient along the specimen, resulting in an increase in the 
average impurity content at the interface and an accompanying decrease in 
average interface temperature. The solid formed will then be less pure than 
before. Therefore, there should be a gradual increase in impurity content along 
the specimen after the impurity concentration at the hot end of the liquid is 
affected. This accounts for the observed increase in average impurity content 
along the specimen towards the end which solidified last. The effect which has 
been called “‘banding”’ is not accounted for by the theory presented here. 


The existence of orientation differences in the corrugation structure seems to 
bear no direct relationship to the mechanism of their formation. It is possible that 
the projections formed on the interface may be very thin near the tip and, there- 
fore, mechanically very weak near the solidification temperature. Such a thin tip 
would not be detected by the decantation technique. Mechanical disturbances 
would bend such thin sections, producing small, random orientation differences 
of the type noted in X-ray photographs made from specimens having a corru- 
gation structure. The existence of such orientation differences is, therefore, not 
inconsistent with the theory. 

Existing information is insufficient to explain the direction of formation of the 
corrugations. The effect appears to be one of preferential deposition from liquid 
to solid on certain crystallographic planes, in a manner similar to that which 
causes development of crystallographically defined faces on crystals grown from 
solution or from the vapor phase. This effect is not inconsistent with the theory 
presented here; it modifies the direction of the axis of a projection forming on the 
interface. 

The theory developed is in no way restricted in application to one metal. It 
demands only that a small quantity of impurity be present in the metal used. The 
occurrence of the structure in many metals, therefore, is in agreement with the 
theory. 

It has been shown that the observed properties of the substructure are in 
qualitative agreement with those predicted by the theory. It appears impossible, 
at present, to derive quantitative values. However, it is possible to obtain an 
estimate of the coefficient of volume diffusion of impurities in the liquid metal. 

According to Frenkel (5), the diffusion coefficients of widely different dissolved 
substances in the liquid state differ from each other by a factor of 10 at most; 
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they are much less temperature-sensitive ‘than diffusion coefficients for the solid 
state; and there is only a relatively slight variation from one solvent to another. 
Therefore, the exact nature of the impurities present in a specimen should have 
little effect as far as diffusion is concerned, and for the purpose of estimating the 
diffusion coefficient it is reasonable to assume that the only impurity present is 
lead. 


When the specimen temperature vs. distance curve becomes tangent at the 
solid—liquid interface to the equilibrium liquidus temperature vs. distance curve 
(Fig. 28), the cellular structure is suppressed. This critical temperature gradient 
can be transformed into a concentration gradient with the aid of the equilibrium 
diagram. It was observed that a temperature gradient of approximately 75 C.° 
per centimeter was just sufficient to cause suppression of the structure at a speed 
of growth of 2.8 mm. per minute in a specimen of Chempur tin. The lead-tin 
equilibrium diagram shows a drop in the liquidus temperature of about 1.8 C.° 
per 1% increase in lead content near the tin end. The majority of the impurities 
present in Chempur tin give approximately this change in liquidus temperature 
with composition. Taking the specimen density as 7.3 gm. per cm.*, the concen- 
tration gradient at the interface is: 
dc 5 us ; 

a 18 X 0.073 gm. per cm.* per cm. 
The rate of movement of impurity down this concentration gradient per unit 
area of interface is then: 
[1] a = g= = “oe x — gm. per cm.°* per sec. 
, dt dx 1.8 
where Q = quantity of material, 

t = time, 

D = coefficient of diffusion, 

c¢ = concentration, 


x = distance from interface. 


This rate of movement of impurity down the concentration gradient can be 
estimated in another way. Fig. 12 shows a portion of the decahted interface of a 
specimen of Chempur tin which contained 0.3 weight per cent of lead. This 
specimen was grown in the usual manner at a speed comparable to that used for 
the specimen which was grown under a steep temperature gradient as noted 
above. The appearance of a second phase at the cell boundaries, as shown by 
Fig. 12, gives an indication of the impurity content in the liquid near the inter- 
face. An average impurity content at the interface of one-half the solubility 
limit of lead in solid tin at the melting point seems a reasonable estimate. This 
value is about five times the average impurity content of the specimen as a whole. 
For tin containing 0.014% lead (the purity of Chempur tin), this increase of five 
times gives a concentration at the interface of: 

5 K 7.3 ®% 0.00014 gm. per cm.? 


— a - ‘¥ 
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Judging from the equilibrium diagram, about 70% of the impurity present in an 
element of liquid is rejected into the remaining liquid when the element freezes. 
Hence, the quantity of material which is diffused into the liquid may be esti- 
mated for the specimen grown at a speed of 2.8 mm. per min. as follows: 


Volume swept out per second by moving interface 


a Bh yeh é m.? of interface 
60 10°™ per sec. per cm. interface. 


Amount of impurity diffused into liquid per second 


2.8 
[2] = 0.7 X 600 X 7.3 X 0.00014 X 5 gm. per cm.’ per sec. 


Equations [1] and [2] give the diffusion coefficient as 5.5 X 10-* cm.? per sec., 
or about 0.5 cm.? per day. According to Frenkel, the diffusion coefficients of gold 
in molten lead and tin at 500°C. are equal respectively to 3.19 and 4.65 cm.? per 
day. Agreement between these values and that calculated above is considered 
satisfactory in view of the approximations made in the calculation. 


Although the calculation is only an estimate, it does verify that the rate of 
diffusion of impurities in the liquid metal is that required by the theory. It is 
clear that the structure formed is essentially a particular distribution of the im- 
purities present in the metal used. 
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INTERFERENCE EFFECTS IN THE SMALL ANGLE SCATTERING 
OF X RAYS BY SMALL PARTICLES! 


By G. E. NOAKEs? AND ELIZABETH J. ALLIN 


ABSTRACT 

Interparticle interference effects have been observed in the small angle X-ray 

scattering from 30 samples prepared by the evaporation of gold colloids contain- 

ing spherical particles of uniform size. The position of the interference maximum 

was found not to be the same for all samples containing particles of the same 

size. Calculation verifies that the position of this maximum is dependent on 

the radial distribution of the particles. It cannot be used for size determina- 

tions unless this distribution is known. The predicted variation of the slope at 

small angles of the In J vs. k* curve with particle distribution was confirmed 

experimentally. This method of size-determination is unsatisfactory whenever 

interference effects are present. It is suggested that size determinations based 

on the positions of the form function-maxima are almost independent of particle 

distribution even in concentrated samples. A unique determination of the 

particle distribution from the position and shape of the interference maximum 

would appear to be impossible even if the size were known. 
INTRODUCTION 
The intense scattering produced close to the direct beam when X rays pass 
through a sample containing very small particles has been known for more than 
20 years and its distribution has been used by a number of investigators to de- 
termine the size of the particles or density fluctuations present in the sample. 
It seems to have been first observed by Gray, and Zinn (10) and by Krishnamurti 
(15) in 1930 in experiments with amorphous carbon. Theoretical expressions for 
the intensity in terms of the angle of scattering, the wave length of the radiation, 
and the size of the inhomogeneity producing the scattering were derived in- 
dependently by Guinier (11) and Hosemann (12) in 1939. The assumptions 
made were that the particles were all of the same size and shape and randomly 
oriented ; that refraction, absorption, and multiple scattering were negligible; that 
there was no particle to particle interference; and that the X rays were mono- 
chromatic and perfectly collimated. Early experimental work (3, 5, 13, 14) was 
carried out with dilute samples in which the average separation between particles 
was much greater than the diameter of the particles themselves. The particle 
size deduced was of the right order of magnitude and, even though no exact 
checks were available from independent determinations by a different method, 
this gave some confirmation of the validity of the assumptions made in the 
derivation of the formulae used. Later the theory was generalized to apply to 
samples in which particles of a given shape were assumed to have a given size 
distribution (18). Some consideration was given to cases in which the particles 
were arranged in groups such as the atoms in chain molecules or fibers (3, 5, 14). 
In 1948 Bergmann (2) drew attention to the fact that with concentrated samples 
of any type the assumption that there is no interparticle interference is invalid 
and that, if the particles are all of the same size and shape, the intensity of the 
scattering is given by the product of the form function of the particles and the 
1 Manuscript received August 7, 1952. 


Contribution from the Department of Physics, University of Toronto, Toronto, Ontario. 
2 Present address: Manufacturing Research, Ford Motor Company, Dearborn, Michigan. 
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Fourier transform of the particle distribution. In 1949 Yudowitch (19) carried 
out experiments using concentrated samples of colloidal gold deposited on 
aluminum foil and observed for the first time with spherical particles a maximum 
in the distribution of the intensity of the scattered radiation attributable to 
particle to particle interference. The work to be described here was undertaken 
to extend the observations on concentrated samples. Colloidal gold was used to 
give spherical particles, the intention being to go on to other shapes. However, 
the results were such that the work with colloidal gold was extended. 


EXPERIMENTAL METHODS AND RESULTS 


The samples studied were composed of gold particles deposited on aluminum 
foil by the evaporation of a drop of concentrated gold colloid. Seven sols were 
prepared by the method described by Zigmondy and from these 30 samples were 
deposited and used to produce scattering patterns. The concentration of the sol, 
the amount used, and the rate of drying were varied in attempts to obtain 
different distributions in samples containing particles of the same size. The 
particle size and size distribution in each sol was determined from photographs 
of each preparation taken with an RCA electron microscope at a magnification 
of 21,000 + 3%. The particles appeared closely spherical and the radii found 
in this way were: 135 + 20, 195 + 25, 235 + 35, 265 + 40, 340 + 35, 430 + 30, 
490 + 50A. 


The X-ray tube was of the Ott-Selmayr type with an aluminum target and 
was operated from a full-wave, condenser filtered supply at 4000 v. (estimated 
ripple + 40 v.) and 25 ma. The camera was an evacuated cylinder attached to 
the X-ray tube by a flexible bellows in such a way that the same aluminum foil 
served as window for both. The collimator consisted of two slits each 0.8 mm. 
by 0.25 mm. mounted parallel to each other 10 mm. apart. The aluminum foil 
bearing the sample was mounted directly behind the second slit and the scatter- 
ing patterns were recorded on Eastman no-screen X-ray film placed 300 mm. 
behind the sample. The film was calibrated by means of a step filter of eight 
steps of aluminum foil increasing by 0.0075 mm. per step. Assuming the co- 
efficient of absorption to be that for the K, radiation the curves of density 
versus intensity were linear and independent of voltage for voltages up to 4000 
v. This was taken to indicate that at voltages up to 4000 v. the window together 
with the foil on which the sample was mounted gave satisfactory filtration of 
the white radiation. Photographs made at voltages as high as 7000 v. showed 
no observable difference in the intensity distribution at angles greater than 
0.004 radians from those made at 4000 v. The region of angles smaller than this 
would not have been used in any case because of the magnitude of the collimation 
error at such small angles. 


Exposure times ranged from 8 to 30 hr. and all the photographs showed 
evidence of particle to particle interference although the maximum due to this 
was not in most cases very sharp. The logarithm of the intensity was plotted 
against k = 2me/d where e¢ is the angle of scattering and A = 8.32 A, the wave 
length of the radiation. Theoretically the position of the interference maximum 
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is a function of RR only and for the same radial distribution of spherical particles 
should occur at the same value of RR for particles of all radii. For the one sample 
for which Yudowitch determined it he found it to be at RR = 2.5. Fig. 1 shows 
typical curves for five different samples, the double-pointed arrow accompanying 
each curve indicating the range within which k& should lie if RR = 2.5 and R 
varies between the limits given by the electron microscope photographs. In 
three of the cases shown the maximum lies well outside this range; in only one 
near the center of it. Fig. 2, curves A, B, C, D, E are for five different samples 
prepared from sol No. 6 (R = 430 + 30A). Curve F is for the same sample as 
curve E but the pattern was photographed with collimator slits of a different 
size. The sharpness of the maximum varies with the preparation of the sample 
and small changes in its position are observed. Over 60 patterns were photo- 
graphed in all and the results shown in Figs. 1 and 2 are typical. 


Earlier determinations of particle size with dilute samples were made in 
general by plotting In J against k? and measuring the slope of the curve at small 
angles. For spherical particles the scattering is given (11) by J = MN*¢?(RR)I., 
where M is the total number of particles, VN the number of electrons per particle, 
and J, the intensity scattered by a single electron. 


$(kR) = {i BR kR ehh) 


and k, e, \ have the same meaning as before. At small enough values of k&R this 
approximates closely to J = MN?*e**®*/® and the slope of the In J vs. k* curve 
gives R?/5. For concentrated samples the above expression for the intensity is 
multiplied by a factor which depends on the distribution of the particles and it 
might be expected that the shape of the curve would be changed even at small 
angles. This was pointed out by Lund and Vineyard (17). For colloid No. 6 
curves In J vs. k? were plotted for different sample preparations and the slope 
was found to vary significantly from one to another although the particle size 
must have remained the same and only the arrangement could have varied. 
This method of size determination is therefore not capable of high accuracy if 
concentrated samples are used. 


DISCUSSION 


A graph of ¢?(RR) vs. RR for 0 < kR < 6 is shown in Fig. 3a. ¢?(RR) decreases 
rapidly with increasing kR and shows intensity maxima and minima, the po- 
sitions of the maxima for 0 < kR < 48 and their relative intensities being listed 
in Table I, columns 1 and 2. Interparticle interference was taken into account 
by Yudowitch by assuming a distribution similar to that for a monatomic liquid 
and using an equation derived by Gingrich and Warren (9) based on the as- 
sumption that the particle density is zero at distances from the center of the 
origin particle less than the particle diameter, is a maximum at r = D, and has 
a lower constant value for r greater than D. This equation is: 


I = MN’9¢’(kR)[1 + P{5 sin(2kR)/2kR — 6¢(2kR)} JJ. 








44 CANADIAN JOURNAL OF PHYSICS. VOL. 31 


Figure 3 (a) 
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TABLE I 


VALUES OF RR AT WHICH INTENSITY MAXIMA OCCUR FOR VARIOUS ASSUMED PARTICLE 
DISTRIBUTIONS AND THE RELATIVE INTENSITIES OF THOSE MAXIMA 


























o*(kR) | Yudowitch formula 5-particle clump 11-particle clump | 27-particle clump 
| | | | 
| 
| | 2.535 2700 | 2.85 1700 | 3.08 | 1000 | 2.845 3250 
| | | | 5.633 100 
5.78 | 100 5.89 100 6.11 | 100 | 6.208 | 100 | 6.504 76 
9.10 17 9.24 19 9.30 19 9.53 | 17 |} 9.335 | 25 
42:32: °} 5.1 12.50 5.8 12.45 6.0 12.43 | 54 | 11.874 | 5.6 
| | | 12.818 | $.7 
15.515 2.0 15.608 | 2.3 | 15.647 2.5 15.685 | 2.3 | 15.784 3.1 
18.689 0.98 18.764 1.1 18.744 | 1.2 | 18.89 1.0 18.616 1.4 
21.854 | 0.52 21.917 0.60 21.933 0.62 | 22.00 | 0.54 22.141 0.67 
25.013 | 0.31 25 .062 0.35 25 .033 0.36 | 25.12 0.33 25.174 0.40 
28.167 0.19 28.215 0.22 28.256 0.23 28.30 0.20 28.348 0.25 
31.320 0.12 31.362 | 0.14 31.379 | 0.15 31.40 | 0.13 31.381 | 0.18 
34.470 0.086 | 34.508 0.10 34.526 0.11 34.55 | 0.092 | 34.545 0.11 
37.619 0.060 | 37.655 0.070 | 37.690 0.073 | 37.75 | 0.064 | 37.825 0.080 
40.767 0.043 | 40.799 | 0.050 | 40.796 0.053 | 40.843 0.046 | 40.869 0.059 
43.914 0.032 | 43 .943 0.037 | 43.941 0.040 | 44.007 | 0.034 | 43.976 0.044 
47.060 | 0.024 | 47.088 0.028 | 47.095 0.030 | 47.143 0.026 . 47.113 0.033 
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where P indicates the closeness of packing and 0 < P < 1. Values of RR corre- 
sponding to the maxima of this expression for P = 0.5 with their relative in- 
tensities are given in columns 3 and 4 of Table I. Except for the additional one 
at RR = 2.5 these maxima lie in nearly the same positions and have nearly the 
same relative intensities as those for ¢?(kR), the general effect of the second 
factor being to shift the maxima to slightly higher values of RR, the discrepancy 
decreasing as kR increases. A graph of this function for 0 < kR < 6 is also 
shown in Fig. 3a. : 


Figure 3(b) 
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Fic. 3b. Intensities as calculated multiplied by 1000 for curve 1 and by 10 for curve 2. 


Other possible distributions lead to substantially the same result. As examples 
of this the position and relative intensities of the maxima of the expressions 
derived by Lund and Vineyard (17) for 5 and 11 particle clumps are listed in 
Table I, columns 5, 6, 7, 8. Except for the maxima at 2.85 and 3.08 respectively 
the positions and relative intensities are again close to those for ¢*. Fig. 3a 
includes a graph for a sample consisting of randomly-oriented 11-particle 
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clumps of the type assumed by Lund and. Vineyard. Only for very large clumps 
would one expect to observe a complete set of maxima corresponding to the 
Debye-Sherrer rings of the usual powder pattern. To further emphasize this the 
pattern for a cubic 27-particle clump in which the particles are assumed to be 
arranged on a simple cubic lattice of spacing D is given in the last two columns 
of Table I and graph 2 of Fig. 30. 


In 1951 Yudowitch (20) determined the particle size of Dow latex 580G, lot 
3584, assuming the particle distribution in his samples to be the same as he had 
assumed earlier for the gold samples. He identified the observed maxima with 
those secondary shape maxima which occur at values of kR greater than 15, and 
found a value for the diameter of 2780 A + 6%. Observations were not made at 
sufficiently small angles to make detection of the interference maximum possible. 
Had he assumed simply that there was no interparticle interference and used 
the positions of the ¢? maxima in his calculations he would have obtained 2774A 
with about the same probable error. Five-particle clumps would have given the 
same value as the original assumption and 11- or 27-particle clumps of the type 
referred to above 2790 A. In 1952 a similar determination was made by Danielson 
(4) using a focusing monochromator to give more nearly monochromatic 
radiation and so increase the accuracy of the experimental determination of the 
positions of the maxima. Working in the same region of RR values and assuming 
the same distribution as Yudowitch he found the diameter to be 2698 A averaging 
values for all the maxima observed, or 2689 A using only the outermost three. 
Another determination by Leonard, Anderegg, Kaesberg, and Beeman (16) in 
which the first 17 shape maxima were measured and weighted in proportion to 
the angle of scattering gave 2713 A, the statistical accuracy of the mean being 
+ 3A. These last results included measurements on one of the samples used by 
Yudowitch and it was found to give values consistent with those for the other 
samples studied. It would appear therefore that provided one ignores the ‘‘inter- 
ference’’ maximum and uses only the ‘secondary shape function’? maxima the 
error due to ignorance of the particle distribution is, even in concentrated 
samples, likely to be less than that of the experimental measurements. Con- 
versely the fact that use of a given distribution gives values within this error 
is no proof that the assumed distribution is actually that present in the sample. 
Use of the interference maximum for particle size determination without some 
knowledge of the distribution could give errors as high as 30%. 


Knowing the particle size it should be possible to obtain from the position of 
the interference maximum and its intensity relative to the shape function 
maxima some information concerning the particle distribution. Two possibilities 
have been discussed: 1. an arrangement similar to that in a monatomic liquid 
and 2. an arrangement similar to that in a polyatomic gas. The first of these 
leads to an interference maximum at kR = 2.5 and the second to a maximum 
at a value of RR somewhat greater than this, and larger for clumps containing a 
greater number of particles. The experimental intensity distributions which we 
observed are in general in disagreement with the former but can be accounted 
for by the latter. When the mean value given by the electron micrographs is 
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assumed to be the true radius of the particles, the observed interference maximum 
occurs at values of kR considerably greater than 2.5. Curve H, Fig. 2 shows the 
intensity maximum assuming arrangement 1 and curve G that for an 11-particle 
clump. If clumping does occur it is unlikely that all clumps contain the same 
number of particles arranged in exactly the same way. The maximum would be 
expected to be broad and its position could not be exactly predicted. It was found 
that different samples gave distributions with maxima in slightly different 
positions. The change was in general less between two samples containing par- 
ticles of the same size than between two samples containing particles of different 
size. It does not seem unreasonable to suppose that the distribution of clumps 
would be more similar in the first case than in the second. The electron micro- 
graphs showed a tendency of the particles to form clumps, and Danielson refers 
to the same feature of the photographs of Gerould (8) of latex particles. 

The above discussion is based on the assumption of a given particle distribution 
and a comparison of the experimentally obtained dependence of scattering in- 
tensity on scattering angle with that predicted. If ¢?(&R) is known, and it might 
be found from, say, a study of a dilute system containing similar particles, a 
Fourier transformation should enable one to obtain the distribution function. 
Methods of doing this have been suggested (1). However, it is almost certain 
that a large number of particle distributions would give a good approximation 
to the experimental curve and it seems unlikely that the work involved would 
be justified. Fournet and Guinier (6, 7) have recently approached the problem 
from a different point of view and have derived an expression for the scattered 
intensity involving only the size, shape, and mutual potential of the particles. 
The expression includes the effect of particle distribution without any assump- 
tion as to the nature of the distribution function but requires a value of the inter- 
particle potential and the relative concentrations of the samples studied. 


CONCLUSIONS 


Samples containing different kinds of particles and prepared in different ways 
will have different particle distributions, and only one type has been studied 
experimentally. However, the following general conclusions based on our 
observations would seem to be justified. In concentrated samples interparticle 
interference effects are present and lead to (a) a maximum or at least a plateau 
in the scattering at angles smaller than those at which the form function maxima 
occur, (0) a change in the slope of the In J vs. k? curve at small angles, and (c) 
a shift in the form function maxima. This third effect is small particularly for 
maxima at large RR values and in general interference effects can be neglected 
in size determinations from the form function maxima. The error thus introduced 
is less than that of the experimental measurements. The second effect is quite 
large and invalidates particle size determinations in concentrated samples from 
the value of this slope. The position of the maximum referred to in (a) is de- 
termined by the radial distribution of particles in the sample and without a 
knowledge of the latter cannot be used togive better than an order of magnitude 
estimate of the particle size. No unique determination of the particle distribution 













48 





© 0ONID Cr GO BO 





CANADIAN JOURNAL OF PHYSICS. VOL. 31 


from the position and shape of this maximum appears possible even if the 
particle size and shape are known. 
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FURTHER MEASUREMENTS ON THE 7 RAYS PRODUCED BY 
NEUTRON CAPTURE IN BERYLLIUM AND CARBON! 


By G. A. BARTHOLOMEW AND B. B. KINSEY 


ABSTRACT 

New measurements have been made of the neutron capture radiation from 
beryllium and carbon using a more sensitive pair spectrometer. From beryllium, 
¥ rays with energies of 6.81 and 3.41 + 0.06 Mev. were detected. The former 
is the ground state y ray previously reported. The 3.41 Mev. y ray, which has 
an intensity of about 0.25 photon per capture, seems to be due to the excitation 
of the first excited state in Be”. From carbon, in addition to the 4.95 Mev. 
ground state y ray previously reported, a y ray was found with an energy of 
3.68 + 0.05 Mev. and with an intensity of about 0.3 photon per capture. No 
rays were observed which could be associated with theexcitation of thelevelat3.9 
Mev. in C¥, 


INTRODUCTION 

In a previous paper (10) we have described the results of preliminary measure- 
ments of the neutron capture y rays from beryllium and carbon. In the present 
paper we report the results of new measurements made with an improved model 
of the pair spectrometer. This instrument provides coincidence counting rates 
10 times greater than were available in the old instrument. The experimental 
arrangement has been described briefly in another paper (11). The details of the 
instrument and the method of intensity and energy measurement will be fully 
described in a forthcoming paper (9). 

The sample materials used were similar to those employed in the previous 
investigation (10). The carbon was in the form of a graphite cvlinder, 8 in. 
long, 4 in. in diameter, and of exceptionally high purity. Two beryllium samples 
were used; one consisting of blocks of sintered beryllia, again of unusual purity, 
the other of beryllium metal. Both samples were enclosed in Dural containers 
with Bakelite ends. The use of Bakelite ends removed the aluminum capture 
radiation which interfered seriously with the spectrum obtained in the previous 
investigation. 

BERYLLIUM 

The pair spectrum obtained with the beryllium oxide sample is shown in Fig. 1. 
The peak A is the ground state y ray in Be" previously reported. The peaks near 
7.5 Mev. are due to a small amount of aluminum and lead capture radiation not 
completely removed by the collimating system. The y rays, B at 5.9 and C at 
4.9 Mev., do not correspond to any of the known excited states in Be”. The y ray 
C has the energy of the ground state y ray in C® and may therefore arise from 
neutron capture in the Bakelite ends of the sample container or it may be due 
to a small impurity of silicon which was found, by spectrographic analysis, to 
be present in the beryllium oxide to the extent of about 0.05%. The peak at B 
is difficult to account for; it may be only a statistical fluctuation or it may 
correspond to a y ray produced by an impurity in the bervllium oxide or to a 
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BERYLLIUM OXIDE 


Coincidences per minute 








30 40 5:0 6-0 7-0 8-0 Mev. 


Fic. 1. Capture y-ray spectrum produced by beryllium oxide. The insert shows part of 
the spectrum obtained with a sample of beryllium metal. Line width: 200 kev. 


y ray emitted by the material used as a filler in the Bakelite. Although it has the 
energy of one of the principal y rays of the iron spectrum, it cannot be ascribed 
to this element, for the other strong iron capture y rays are absent. Of the 
remaining impurities, lead (concentration 0.05%) could contribute only to the 
peak near 7.5 Mev. and calcium, copper, magnesium, and titanium, of which 
the concentrations were found to be less than 0.005%, do not produce prominent 
y rays at 5.9 Mev. The y ray D is produced by neutron capture in the bismuth 
block situated in the experimental hole between the sample and the reactor (11). 

The y ray E is not very distinct in the spectrum obtained with the beryllium 
oxide sample. The results of additional measurements made with metallic 
beryllium are shown in the insert, Fig. 1. Capture radiation produced by im- 
purities in the metal obscured the high energy beryllium spectrum obtained 
with this sample. It was used therefore, to obtain only the relative peak counting 
rates of the y rays E and A. 

The energy of the y ray E is 3.41 + 0.06 Mev. which is in good agreement 
with the value of 3.375 + 0.010 Mev. found by Buechner and Strait (3) for the 
energy of an excited state in Be". Since the neutron binding energy of Be” is 
6.816 + 0.006 Mev. (9) it follows that the energy of the y ray producing the 
excited state is about 3.44 Mev. This energy differs from the observed y ray 
energy by only 30 kev., an amount which is less than the resolution of the instru- 
ment and the accuracy of the measurements. If we identify the y ray E with that 
producing this excited state, it is clear that the y ray emitted by this state is 
superposed on £ and the counting rate at the peak must correspond to the sum 
of their intensities. Using the calculated counting efficiency curve for the 
spectrometer, and assuming that this state and the ground state are the only 
ones produced by neutron capture, we find that the intensity of each cascade 
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y ray is about 0.25 photon per capture and that that of the ground state y ray 
is 0.75 photon per capture. 
CARBON 
The pair spectrum obtained with the graphite sample is shown in Fig. 2. 
In order to obtain the maximum counting rate, even at the sacrifice of resolving 
power, the results of Fig. 2 were obtained with a thick lead radiator and with 


CARBON 


Coincidences per minute 





3-0 4:0 5:0 Mev. 


Fig. 2. Capture y-ray spectrum produced by carbon. Line width: 200 kev. 


the slits covering the counters at their maximum width. In this figure the ground 
state y ray at 4.95 Mev. is very distinct, and there is a clear indication of two 
other y rays, B near 4.2 Mev. and C at 3.68 + 0.05 Mev. The y ray B is clearly 
due to capture in the bismuth block. The presence of two further y rays, D at 
3.38 + 0.05 Mev. and EF at 3.04 + 0.05 Mev., is suggested, but their existence 
cannot be confirmed because of the inadequate statistical accuracy of the 
experimental points. 

The y ray C is quite distinct and the coincidence peak is readily reproducible. 
It is curious that this peak did not appear in the previous investigation, in which 
the same graphite sample was used. There is, however, some indication in the 
previous results of an increase in the counting rate in this energy range. As will 
be shown below, the y ray C is emitted in the transition from the second excited 
state to the ground state in C", 

Both the y rays D and E may be emitted by the impurities which undoubtedly 
produce the high background observed above 5 Mev. The y ray E, however, 
has an energy which corresponds to that of the first excited state in C™ and 
might be produced in a transition between that state and the ground state. 
The y ray D cannot be associated with any of the known excited states of C™. 
We have not attempted to examine this part of the spectrum in any greater 
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detail, for the use of better experimental conditions would involve a severe loss 
in counting rate and measurement would be exceedingly slow and difficult. Even 
if the presence of these y rays were confirmed, their interpretation must remain 
obscure, for in a material such as graphite, which has a very low capture cross 
section, the presence of some relatively strongly absorbing impurities is in- 
evitable. 

It is interesting to compare the present results with those obtained by Wilson 
(19) who studied the carbon spectrum with the use of a deuterium-filled ioniz- 
ation chamber counter. He observed y rays with energies of 4.95 + 0.05, 4.1, 
3.65, 3.4, and 3.05 Mev., and since he also used a block of bismuth to attenuate 
the direct beam from the pile, the interpretation of his results corresponds with 
that given above. The relative intensities, however, are different. 


There is no evidence in Fig. 2 of the presence of a coincidence peak correspond- 
ing to the emission of a y ray of 3.9 Mev. which is the energy of the third excited 
state of C®. If it is present, its intensity is less than 0.06 photon per capture. If 
then we assume that transitions only to the 3.68 Mev. state and to the ground 
state occur, the relative peak counting rates correspond to an intensity of 0.30 
photon per capture for the 3.68 Mev. y ray and 0.70 photon per capture for the 
ground state yray. If the 3.08 Mev. yray, £, is actually present, then its 
intensity is certainly no more than 0.10 photon per capture. If we take into 
account this upper limit for the intensity of the 3.08 Mev. y ray, the intensities 
of the 4.95 and 3.68 Mev. y rays become 0.63 and 0.26 photon per capture 
respectively. 

DISCUSSION 


In Be”, two excited states at 3.37 and 6.3 Mev. (7) are known to exist between 
the ground state and the neutron binding energy (Fig. 3). There is no evidence 
in the present results for the excitation of the latter level. From shell theory 
considerations we should expect the ground state of Be® to be of odd parity. It 
has recently been shown (6) by angular distribution measurements of the 
protons from the Be® (d,p) Be” reaction that both the ground state and the 3.37 
Mev. state of Be” have a parity different from that of the ground state of Be’. 
Thus the emission of both of the y rays leading to these states must produce a 
change in parity. Since the spin of Be® is 3/2 and that of the even-even nucleus 
Be" is presumably zero, the angular momentum radiated by the ground state 
y ray can be 1 or 2 units and that y ray therefore is either of the electric dipole 
or of the magnetic quadrupole type. However, the excited state at 3.37 Mev., 
being the first of an even—even nucleus, very probably has a spin of 2 units, and 
since the intensities of the two y rays are at least comparable, it is very likely 
that both are of the electric dipole type. 


- The ground state of C has a spin of 1/2 and it has been shown (5) that its 
parity is different from that of C”, i.e., it is presumably odd. Three excited states 
with energies of 3.08, 3.68, and 3.88 Mev. are definitely known to exist between 
the ground state and the neutron binding energy (12, 15) while the existence of 
an excited state near 1 Mev. originally observed in the B” (a,p) C™ reaction 
now seems to be doubtful (1, 4, 12). There is no evidence for the presence of 
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Fic. 3. Energy level diagram of Be’ showing observed neutron capture ¥ rays. 


levels between 3.88 and 4.95 Mev. (7). From a study of the angular distribution 
of the protons from the C” (d,p) C® reaction (14) it has been shown that the 
3.08 Mev. state has a spin of 1/2 and even parity. This assignment is consistent 
with the observation that electric dipole radiation is emitted in the transition 
trom this state to the ground state (16). Recent measurements by Rotblat (15) 
indicate that the 3.68 Mev. state has a spin of 1/2 or 3/2 and odd parity and 
that the 3.88 Mev. state has a spin of 3/2 or 5/2 and even parity. It is reasonable 
to assume therefore that the excited states of C' follow the same order as those 
of the mirror nucleus N" which, from a study of the proton resonances in carbon 
(8), have been shown to be S1,2, P32, Ds,2. 

The levels of C are shown diagrammatically in Fig. 4 where the observed 
properties of the levels are given on the left and the level order, inferred from 
the comparison with the levels of N", is given on the right. The broken line at 
4.95 Mev. represents the neutron binding energy of C and the y rays observed 
to follow neutron capture are shown by vertical arrows. The y rays in cascade 
with those shown have energies too low to be detected by the pair spectrometer. 

On the basis of the level assignments assumed in Fig. 4 it follows that both 
the ground state y ray and the y ray producing the 3.68 Mev. excited state are 
of the electric dipole type. It also follows that the y ray producing the excited 
state at 3.88 Mev. is electric quadrupole and that the y ray emitted in the tran- 
sition from that state to the ground state is magnetic quadrupole. This state of 
affairs would account for the fact that no 3.88 Mev. y ray was observed. 

Thomas (17, 18) has pointed out that a good fit with the low energy s-wave 
neutron scattering data in C" can be obtained if it is assumed that the level 
associated with the scattering is that at 3.08 Mev. This state may also be the 
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Fic. 4. Energy level diagram of C™ showing observed neutron capture /¥ rays. 


one responsible for thermal neutron capture, for no other S states have been 
found below an excitation of 7.9 Mev., and it is probable that none exist below 
8.6 Mev. (2, 13). Although no direct transition to this state is expected theo- 
retically, transitions to this state from the two higher levels are possible. The 
observed intensity of the 3.08 Mev. y ray, less than 0.1 photon per capture, fixes 
an upper limit to the combined probabilities of transitions from the two higher 


states. 
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SECOND-ORDER BEAMS OF SLOTTED WAVE GUIDE ARRAYS! 


By H. GRUENBERG 


ABSTRACT 

It is shown that the radiation pattern of slotted wave guide arrays may contain 
small second-order beams even for slot spacings less than a free-space wave 
length. These beams are usually split with a minimum or even a null in the 
plane containing the array and main beam. Since patterns are normally taken 
in this plane, the second-order beams have until now escaped attention, as far 
as the writer is aware. Methods of suppressing these beams are discussed. 

I. INTRODUCTION 

In the design of slotted wave guide arrays for high-gain antennas it is custom- 
ary to use the theory of linear arrays to obtain radiation patterns. For certain 
wave guide arrays this is not quite justified. 

Consider, for instance, the array consisting of longitudinal slots in the broad 
face of a rectangular wave guide (Fig. 1). The slots will radiate only if they are 
displaced from the center line of the guide face. The amount of radiation depends 
on the offset. A broadside array can be obtained by spacing the slots about a 
guide wave length apart on one side of the center line because they will then be 
excited approximately in phase. Such an array would have large second-order 
diffraction beams which would make it unsuitable for most purposes. The second- 
order beams come about because the slot spacing is larger than the free-space 
wave length (2). It is generally argued that this defect can be eliminated and, 
at the same time, the broadside feature of the array retained, by spacing the slots 
approximately half a guide wave length apart and reversing the phase of alternate 
slots by staggering about the center line. 

The above reasoning is based on the theory of linear arrays and tacitly assumes 
that the small displacement of the slot radiators from a straight line has negli- 
gible effect on the radiation pattern. It will be shown in the following that such 
an assumption is, in general, not justified. The array of Fig. 1 actually has 


/\K 


Fic. 1. Slotted wave guide array. 


second-order beams even for slot spacings of half a wave length. These beams 
are, however, to be found closer to the plane of the slots and not in the plane 
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containing the guide axis and the main beam. Since radiation patterns are 
usually only taken in the latter plane these second-order beams have so far 
escaped detection, as far as the writer is aware. 


In a properly constructed array the size of the second-order beams depends 
on the magnitude of the slot offsets relative to the wave length. For practical 
arrays they may be 10% or more of the main beam in terms of field strength. 
They will be larger in arrays of comparatively short electrical length because of 
the necessity of using larger slot conductances and hence larger offsets. In some 
applications such as merchant marine radar in narrow waters, where all spurious 
radiation more than about five degrees from the main beam should be kept down 
to 30 or 40 decibels below the main beam, a knowledge of these side lobes will be 
of prime importance. 


II. SECOND-ORDER BEAMS DUE TO SLOT OFFSET 

To simplify the analysis of the slotted wave guide array, it will be assumed 
that all slots have the same offset from the center line. This is true for a resonant 
array with uniform excitation for all slots. Nevertheless the assumption is 
reasonable for most practical arrays, as can be seen from the following argu- 
ments. Usually a tapered amplitude distribution is emploved along the array to 
reduce the side lobe level. For this reason most of the power is radiated by 
relatively few slots at the center of the array. Furthermore, the slot offset 
usually varies little from slot to slot near the center of the array since the offsets 
are approximately proportional to the square root of the required slot excitation 
(6, 7). Thus the error introduced in calculating the radiation pattern will be 
small if the actual array is replaced by two parallel linear arrays separated by 
twice the ‘‘weighted"’ mean offset (Fig. 2). This weighted mean will be close to 





Fic. 2. Reference system for idealized array. 


the offset of the slot which is most strongly excited, usually a slot near the center 
of the array. 

By Babinet's principle (1) the radiation pattern of a slot in an infinite con- 
ducting plane is identical with that of a linear antenna in free space. For a slot 
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in a rectangular guide this pattern is modified considerably in the transverse 
plane (6 = 3m in Fig. 2). Diffraction by the edges of the guide transforms the 
omnidirectional dipole pattern in this plane into a cardioidal pattern with a 
small back lobe. Fig. 3a shows an experimental pattern of a single resonant slot 
in the transverse plane. The asymmetry is caused by the slot offset. It will be 
neglected in the following discussion. The pattern in the longitudinal plane 
(@ = 0) is the ordinary dipole pattern (Fig. 3d). 

Slotted wave guide arrays usually employ resonant slots (approximately half 
a free-space wave length long) spaced at or near half a guide wave length apart. 
The slot spacing may be written as 


[1] d=S(rty) 


where \, is the guide wave length and y is normally much less than one. The 
array is called resonant when y = 0. Because of the staggering of the slots and 
the accompanying phase reversal, y represents the phase lag between any two 
consecutive slots assuming that no additional phase change is introduced by 
the slot admittance. 

If C, f(0,¢) represents the radiation pattern of the n‘ slot excited to an ampli- 
tude C,, the pattern of the “half-array” along the Z-axis is given by (Ref. 3) 


N-1 


‘ a ‘ 9 os 6— 
[2] F,(6,¢) _ f(0,¢) yi on e? n(Bd cosé—y) 
n=0 

where 2.V is the number of slots in the complete array, 8 = 27/X, and d is the 
free-space wave length. The other half-array may be taken to be identical with 
the first one except that it is displaced by distances 26 and d in the Y- and Z- 
directions respectively, and retarded in phase by an angle y. The resultant 
pattern is, therefore, 

. 7 286 sin# sing+Bd cosé—y) 
[3] F(6,) = F,(6,@)[1 ‘. e!! s + | 
or considering magnitudes only, 


[4] |F(0,@)| = 2|Fi(@,@)| |cos 3(286 sin @ sin @ + Bd cos 6 — yp)|. 


|F,| will have maxima when all terms in Equation [2] are in phase, i.e., when 
[5] Bd cos 6, — ~ = pr o=0,21,2+2,.... 
From Equations [1] and [5] 


prt 


a r 
[6] cos 6, = a + os a 


Normally \/A, is close to 0.7 and |y| < 1. Only the values p = 0 or p = +1 
will lead to real values of 6. These will be denoted by 6) and 64+;. The first 
value gives the position of the main beam, the last two the positions of the 
second-order beams for the half-array. For small values of y the main beam will 
deviate only slightly from the array normal and the second-order beams will 
make angles of about 45° with the latter. 








GRUENBERG: SLOTTED WAVE GUIDE ARRAYS 59 


To analyze the pattern of the complete array we must examine the coefficient 
of |F 1(8,6)| in Equation [4]. For any array of reasonable gain this coefficient is 
a very slowly varying function of @°eompared to | Fl. Hence the positions of 
main and secondary beams will still be given by Equation [6]. It is interesting 
to note what happens to these beams as a function of the offset 26. Substituting 
Equation [5] in [4] one obtains 


[7] |F(,, ¢)| = 2|Fi(6, ¢)| cos(6 sin 6, sin @ + 3p7). 

For zero offset the peak amplitude of the main beam (p = 0) becomes 
N-1 

(8) 2|F i (00, 0)| = 2f (40, 0) 2 Cn 


while the second-order beams (p = +1) vanish. This must, of course, be 
expected (2) since zero offset means a linear array with d < X. 

For small values of 6 (i.e. 86 « 1) it is easily seen from Equation [7] that the 
main beam will remain substantially unaltered since cos(86 sin 0) sin @) = 1 for 
66 « 1. There will however be ‘“‘split’’ second-order beams of magnitude 


[9] |F(6+1, o)| = 2|Fi(6+1, @)| | cos (65 sin 641 sin ¢ + }7)| 


ll 


2|Fi(O+1, )| B6 sin 6+; sin | ¢| 


N-1 
286 sin 6+, sin || f(O+1, ) D> Con. 
n=(0 


These beams have nulls in the longitudinal plane (@ = 0) containing the main 
beam, the plane in which normally patterns are taken. They have two maxima 
each in planes placed symmetrically about the plane ¢ = 0. Hence the term 
“split beams’. To get a rough idea of the position and magnitude of these 
maxima we shall assume that the three-dimensional radiation pattern of a single 
slot is given by the product of the radiation patterns in the longitudinal and 
transverse planes, i.e. 


[10] F(0, 6) = f(6, 0) - flex, 4). 


This is certainly true for a slot in an infinite plane and is approximately true 
for a rectangular slot in a circular wave guide (5) for the range 0 < 6 < z, 
0 <|¢| < 4x. The position of the peaks of the second-order beams is then 
given by 


kee ok 
[11] @ = 64+; = cos ( os ) 
and 

[12] f($x, %) sin |¢| = maximum. 


A plot of this function using the experimental radiation pattern of Fig. 3a shows 
broad maxima in the neighborhood of @ = ¢: = + 50° (Fig. 4). The maximum 
value of the function is about 0.5 f(4z, 0). 








60 CANADIAN JOURNAL OF PHYSICS. VOL. 31 





° 20 40 60 80 100 


—— 191° 


: : {AO}. 54, 
Fic. 4. Plot of 7(47r,0) sin |}. 

From Equations [8], [9], and [10] we get for the @-dependence of the second- 
order beams expressed as fractions of the peak of the main beam: 

. : . . cose {(47, CD) f (041, 0) 

3] Ss = 66 sin 6+, s See aN a oe 
[13] (¢) = B6 sin 6+, sin ol Fay, 0) (>, 0) 
Since 69 does not differ appreciably from 32 and the radiation pattern of a single 
slot is very broad, little error is introduced when replacing f (0, 0) by f($2, 0). 


Substituting 
(3m, di). 1.) ae 
flac, 0) sin }¢i| = 0.5, 
sin 64, = 0:7, 
: L041, 0) _ 
and fas,0) 0.7, 
vields 
: 1 6 
[14] Smax = 785 = 1.55. 


For a typical wave guide array, 50 wave lengths long or so, 6 may be 4/20 so 
that 7.59% second-order beams can be expected. Shorter arrays will have larger 
slot offsets and correspondingly larger second-order beams. 

Ill. SECOND-ORDER BEAMS DUE TO UNSYMMETRICAL EXCITATION 

In the foregoing it was assumed that the two “half-arrays’’ are equally 
excited. This would imply that pairs of slots are driven with the same amplitude 
which is not a customary design procedure. Usually, the amplitude distribution 
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along the array is chosen to obtain a desired radiation pattern. Since this fixes 
the fraction of total power radiated by each slot, the excitation of two con- 
secutive slots will, in general, not be equal. This effect can be taken into account 
by assuming an equivalent fractional difference A’ in the excitation of the two 
half-arrays. 

Certain mechanical imperfections may also produce asymmetry in excitation. 
Consider, for instance, that the slots are cut in a guide with nonuniform wall 
thickness. The slot offsets are measured from a center line which is laid out on 
the outside of one of the broad faces of the guide. If the thicknesses of the two 
side walls are not equal, all slots are effectively shifted to one side. The true 
offsets for the slots of one half-array are then too large by an amount e, those for 
the other half-array too small by the same amount. The fractional difference in 
the two mean offsets is 2¢/5. Since the power radiated by each slot is proportional 
to its conductance, which in turn is roughly proportional to the square of the 
offset, the amplitude of excitation of each slot varies as the offset. The mean 
fractional difference in the excitation of the two half-arrays may therefore be 
taken as 


oo _ 2 
[15] A” = =. 


The radiation pattern for such an unsymmetrically excited array would then be 
given by 
[16] |\F(6, @)| = |Fi(@, )| |(1 + 4) + 21288 sind sing+a cone) 


where A = A’ + A”. Again maxima will occur when @ is given approximately by 
Equation [5]. Then, 


[17] |F(6,,¢)| og |Fi(6),¢)|/ 4(1 + A) cos’ (86 sin 6, sin ¢ + $pr) + A. 


Since 4 « 1 and 65 < 1, the main beam is still given by Equation [8], but the 
expression for the ¢-dependence of the second-order beams becomes 


[18] |F(0+1,¢)| = |Fi(6+1,6) | 4 sin® (86 sin 64; sin ¢) + A 
= |F,(+1,¢)|~/ (288 sin 6+: sin ¢)° + 2° 


or, in terms of the peak of the main beam, 


[19] S(¢) = ey (286 sin 6+; sin $)* + A? 


_ 1 f(@ts, 0) f(A, $) siassiatiathiadaioes 
~ tie. Hie. GY CO ee T= 








This expression reduces to Equation [13] for an ideal array (A = 0). The 
second-order beams will be split with a null in the ¢ = 0 plane and maxima at 
@ = + 50°. For an array with all slots in line (6 = 0) but with unsymmetrical 
excitation of the type considered, the second-order beams will have the same 
¢-dependence as the main beam. They will have a maximum in the plane 
@ = 0, given by 
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— 1f (41,0) , _ 
(20] Smax = 775 ¢-0) 4 = 0:35 4. 


Comparison with Equation [15] shows that this may place very close tolerances 
on the positions of the slots if a high-gain antenna with a low level of spurious 
radiation is required. 

In an actual array both 6 and A will, in general, be different from zero. Since 
A is almost always much smaller than 85, unsymmetrical excitation will have 
negligible effect on S(¢) except in the neighborhood of ¢ = 0. The amplitude of 
the second-order beam in the ¢ = 0 plane will no longer be zero but will be 
given by S(0) = 0.35 A. It may amount to a few per cent of the main beam 
unless the guide is carefully selected and very close mechanical tolerances are 
held. 

IV. EXPERIMENTAL VERIFICATION 


The results derived in the last two sections were verified for a number of arrays 
of the type shown in Fig. 1. Fig. 5 shows patterns taken for an array of 60 slots 
at 1-in. spacing cut in standard X-band wave guide (0.900 in. by 0.400 in. inside 
dimensions). The array was designed for approximately cosine-amplitude 
distribution and about five per cent loss in the load. The offset of the center 
slots was 0.065 in. At an operating wave length of 3.20cm. the slot spacing cor- 
responded to about 204°. Hence y = 24°. From Equation [6] the main beam 
should make an angle of 4.8° with the array normal and the second-order beams 
should lie along the conical surfaces given by the polar angles 0,; = 44.5° and 
6... = 123.0°. The second-order beams should therefore be spaced 40.7° and 
37.8°, respectively, from the main beam in radiation patterns taken in any axial 
plane (¢ = constant). This is borne out by experiment (see Fig. 5). 

The ¢-dependence of the two second-order beams was calculated from Equa- 
tion [13] and Fig. 3. The experimental data (Fig. 6) are seen to agree quite 
well with theory if a mean slot offset of 0.060 in. is used. This offset differs by 
less than 10% from that of the center slot. The discrepancy near ¢ = 0 can be 
accounted for easily by assuming slight asymmetry in the excitation of the two 
half-arrays (A = 0.07). This small amount of asymmetry could be fully ex- 
plained by an “equivalent’’ offset error of 0.002 in. (Equation 15). Part of the 
asymmetry may however be due to the fact that the array was not designed to 
have pairs of slots of equal excitation. Just how much is due to each cause is 
difficult to assess since over-all mechanical tolerances on the array were certainly 
not better than 0.001 to 0.002 in. 

The appearance of the second-order beams can be visualized in three dimen- 


sions from Fig. 7. 


V. SUPPRESSION OF SECOND-ORDER BEAMS 
Two methods have been proposed to suppress second-order beams in wave 
guide arrays, both of which were tried successfully. 
In one scheme an array is used with all slots in line. The slots are excited at 
the desired amplitude and phase by displacing the side walls of the wave guide 
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Fic. 6. o-—dependence of second-order beams. 
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instead of the slots (Fig. 8). For a comparatively long array the corrugations 
in the walls will not be too deep and will not seriously affect the operation of an 
array with nonresonant slot spacing. Second-order beams of the type discussed 
in the last section for 6 = 0 may still occur, but they can be minimized by very 
close mechanical tolerances. The mechanical construction of such an array is 
more expensive than the usual design since the wave guide has to be made of 
four separate parts: corrugated walls, top and bottom plates. The parts must be 
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Fic. 7. Three-dimensional sketch of second-order beams. 





Fic. 8. Slot-in-line corrugated-wall wave guide array. 
properly bonded to ensure a good contact. Fig. 5 shows the extent to which 
second-order beams can be suppressed with reasonable mechanical tolerances. 


The second method employs a conventional wave guide array fitted with a 
horn incorporating a narrow parallel-plate section (Fig. 9). If the width of the 





Fic. 9. Wave guide array with parallel-plate section and horn. 
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parallel-plate region is less than half a wave length, only the two lowest modes 
will be propagated. In this manner asymmetries in the field, caused by the 
staggering of slots about the center line, will not appear at the mouth of the 
horn and second-order beams resulting from slot offset will be effectively sup- 
pressed provided that the length of the parallel-plate section is of the order of a 
wave length or longer. Some residual second-order beams caused by unsym- 
metrical excitation may still be present as in the case of the slot-in-line array. 





















The mechanism of second-order beam suppression can best be understood by 
a consideration of the field excited in a parallel-plate region by an array of slots. 
For simplicity, consider an infinite array with constant slot offset (Fig. 10). 





Fic. 10. Parallel-plate region excited by an array of slots. 


Assume that the slots in the half-array on one side of the center line of the 
guide are excited by a voltage Vo at their center, while the slots of the other 
half-array are excited by a slightly different voltage Vo(1 — A). The voltage 
distribution along each slot may be taken as sinusoidal with a maximum at the 
center and nulls at the ends of the slot. 


Considering first only one half-array, the tangential electric field in the 
x = 0 plane may be represented by 
(29d -—L<2< d+! 
6—-w<y<itw 


E,(0) = + cos —- 2 qd) for 
q=0,+1,+2,... 


{ 
[21] | 
E,(0) = 0 everywhere else. 

We can write this field in terms of a double Fourier expansion 


[22] E,(0) = 2 As cos ag +c) 2 Bn cos a 


where 
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Vo 
As 2c’ 
A, = Vesin (wxw aw /2c) ) cos EE + 8) audi 
; c nmrw/2c 2c 
[23] 
<a 
aa 
B, = 24 cos (ml /d) eee 


wd 1 — (2ml/d)” 

By inspection, a solution of the wave equation within the parallel-plate region 
satisfying boundary conditions at y = + ¢ and reducing to Equation [22] at 
x = 0is 


(Ex) = bs ~ A, Bu cos nate + y) cos — ge tent 
n=0 m=0 
[24] E,(x) = > - A, By sin - ale +9) cos TEE g-Fent, 
E,(x) = 0 


if we choose 


2 _ (nx), (mx)* _ 22 
[25] Pam = as} +(%) ai 


The above field components also satisfy Maxwell's divergence equation and 
hence represent the unique field solution. Only waves travelling in the positive 
x-direction are considered here since it is assumed that the parallel-plate region 
is matched to free space by a properly flared horn at some distance from the 
plane of the slots. 

Since d = ),/2 = /1.4, Equation [25] shows that all but two modes can be 
suppressed by selecting 2c < 4/2. The two propagated modes are: the TEM- 
mode (n = 0, m = 0) and the TEo:-mode (m = 0, m = 1). The propagation 
constants for these modes are 


‘ .27 ; .2r hy 
[26] Rae > and minstial 2) 


respectively. At sufficiently large distances from the plane of excitation the 
electric field will only have a transverse component which, from Equations [24] 
and [25], is given by 


2 oes 41 a cos (ml /d) 8— “0 
a7) Ele)" 9a * i Gar re 


This expression is independent of y and the slot offset 6. The field excited by the 
second half-array will therefore be given by a similar relation, except that I’) 
is replaced by Vo(1 — A) and z by 2+ d. 

By superposition, the total field at the aperture plane (x = xo) of the horn 
will be of the form 
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r Al eye cos (al/d) TZ tore | 
7 Yo jp a apt 
(28] E(e5) = ae 1 + A; — (21/4)? COsi=-¢ 


= é + (Ai + jAs) cos mi 


The value of xo actually should be slightly modified because of the somewhat 
different propagation constants in the flared portion of the horn, but the effect 
is small and irrelevant to the following discussion. 

It is seen that the effect of slot offset has disappeared in the aperture field. 
With perfectly symmetrical excitation (A = 0) the aperture is uniformly 
illuminated and no second-order beams will appear in the radiation pattern. 
Some asymmetry in the excitation will, however, produce small amplitude and 
phase ripples in the aperture illumination. These ripples have a wave length 
of 2d > \ and may be expected to produce second-order beams. The radiation 
pattern can be calculated in the usual manner (4) as the Fourier transform of 
the aperture field, viz: 


D 
[29] R@) = j E, (xe) e*## °°" ds, 
a 


The length of the aperture is 2D, and @ is measured from the positive Z-axis 
as before. Substituting from Equation [28] and omitting all irrelevant factors, 
one obtains 
, _ sin (BL cos 0) 

one BL cos 0 
[30] S Lg ae ‘he (6cos@— x/d)L , sin (8 cos + oO] 
Vr J) (B cos@ — «/d)L (Bcos8 + x/d)L J 


The first term respresents the pattern due to a uniform amplitude distribution, 
the other two terms represent the effect of the ripples. It is apparent that the 
latter terms are exact replicas of the first term, but reduced in size and shifted 
so that their main peaks occur at 


si act ee ME | SU ig 
@ = cos (+ =) cos (4 d), 


Comparison with Equation [11] shows that these are exactly the positions of the 
second-order beams for a resonant array. At these positions the first term in 
Equation [30] will be entirely negligible in the case of a high-gain array. Hence 
the magnitude of the second-order beams, again expressed as a fraction of the 
main beam, will be 


_ A cos (nl/d) 





[31] Smax = sla + jAe ads Bae (21/a)* 
For conventional arrays 

Ll y/4 1d = 

a r,/2 mre » = 0.35. 


Hence, 


—_— i) 


\w \v 
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[32] Scans = 0.45A, 


This maximum occurs in the plane ¢ = 0 and the ¢-dependence of these 
residual second-order beams is the same as for the main beam. The size of these 
second-order beams is only slightly larger than that of the corresponding beams 
for the slot-in-line array (Equation 20). Again these residual beams may be 
reduced to a minimum by proper symmetrical design and close mechanical 
tolerances. It is well to point out that symmetrical design includes symmetrical 
placing of the parallel-plate region and proper bonding to the wave guide. 

The above remarks are substantially unaltered for an array with tapered 
amplitude distribution. 
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PHOTONEUTRON CROSS SECTIONS IN SILICON AND CALCIUM! 


By R. G. SumMErRS-GILL,? R. N. H. HASLAM, AND L. Katz 


ABSTRACT 


Using the dropping apparatus and dose monitoring method previously re- 
ported, the cross sections for the reactions Si?&(y, 2)Si?? and Cay, n)Ca*® 
have been measured by detecting positron activities in the residual nuclei. The 
Si*8(, 2)Si?’ cross section has a peak value of 21 mbarns at 20.9 Mev. and an 
integrated cross section to 24 Mev. of 0.070 Mev-barns. The threshold energy 
is 16.9+0.1 Mev. The Ca‘%(-y, 2)Ca** cross section has a peak value of 15 
mbarns at 19.3 Mev. and an integrated cross section to 24 Mev. of 0.065 Mev- 
barns. The threshold is 15.8 + 0.1 Mev. 

A comparison of our results with the neutron yield measurement of Price and 
Kerst at 18 and 22 Mev. gives good agreement. <A further comparison with the 
neutron yield work of Baldwin and Elder is made. 

The sharp discontinuity in (y,) yields using lithium y rays observed by 
Waffler and Hirzel is explained as a threshold effect. Integrated cross sections 
increase more or less smoothly with Z. 

In addition, improved values for the half-lives of the residual nuclei Si?” and 
Ca’ have been measured. These are 4.45+0.05 and 1.00 + 0.03 sec. re- 
spectively. 


SILICON 


Pure silicon metal powder molded into cylindrical samples with paraffin was 
irradiated in the X-ray beam of the 25 Mev. betatron at the University of 
Saskatchewan. Irradiations were generally 20 sec. in duration. Using the drop- 
ping apparatus (6) the samples were positioned within one second after ir- 
radiation around a Victoreen 1B85 thyrode where the short-lived positron 
activity was measured. 

Sixteen decay curves obtained for irradiations with maximum bremsstrahlung 
energies below 24.5 Mev. were analyzed to yield a mean half-life of 4.45 + 0.05 
sec. This value is in good agreement with that previously reported by Waffler 
and Hirzel (25). Any 6.3 sec. Al®® activitv formed by the reaction Si?8(y,",”)Al*® 
is negligible* at these energies. 

The (y, ~) reactions in the two less abundant silicon isotopes are observed 
but the half-lives (2.30 min. and 6.6 min.) are so long compared to that of Si?? 
that little of these activities is formed in the short irradiations used. 

The maximum bremsstrahlung energy of the betatron is controlled to within 
0.1 Mev., using the integrator-expander circuit previously described (15). The 
complete activation curve, repeated on several occasions, is shown in Fig. 1. 
The threshold of the reaction was found to be 16.9 + 0.2 Mev., which agrees 
favorably with earlier determinations (18, 3) and with the reaction energy 16.60 

1 Manuscript received August 6, 1952. 


Contribution from the Betatron Group, University of Saskatchewan, Saskatoon, Sask. 
2 Holder of a National Research Council of Canada bursary, 1951-852. 


* The calculated threshold for this reaction is 23.5 Mev. using recent mass defect values (21) 
and the reaction energy for the reaction Al?"(y, n)Al?® (3). Assuming a cross section of the same 
shape and magnitude as has been observed (17) for the reaction S3*(7y"q?)P®°, the saturated specific 
activity per atom Si*® per 100 r. becomes 2.4 X 10~*' at 24.5 Mev. Since the saturated specific 
activity per atom Si?* per 100 r. for the reaction Si?5(y, n) Si?” is 3.38 X 10—"' at this energy, the 
(y"a?) induced activity is much less than 1% at any energy we have used. 
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SATURATED SPECIFIC ACTIVITY PER ATOM Si® PER 100 R./MIN 





14 16 18 20 22 24 26 
MAXIMUM BETATRON ENERGY (MEV) 


Fic. 1. The activation curve for the reaction Si?*(y, )Si??. The initial portion is shown 
multiplied by 10 and by 100. 


+ 0.21 Mev. calculated from recent mass defects published by Motz (21) and 
taking the end point energy of the positrons from Si?’ as 3.48 + 0.10 Mev. (4). 


The absolute ordinates of this curve were obtained by a direct comparison 
of the 10.1 min. activity produced in copper foils and the 4.45 sec. activity 
produced in flat silicon powder samples at 22 Mev. The absolute specific activity 
for the reaction Cu*®*(y, 2)Cu® has previously been measured in this laboratory 
(10, 14). A more complete description of the method of comparison is included 
in the previous paper (6). 


CALCIUM 


Pressed calcium hydroxide samples were irradiated for five seconds to obtain 
the short-lived Ca*® activity which was counted using the dropping apparatus. 
Decay curves followed for approximately three minutes showed that only the 
desired short-lived activity and 118 sec. O'® were present to any appreciable 
extent. After this background was subtracted, the mean half-life was found to 
be 1.00 + 0.03 sec. This value is in good agreement with earlier work (8). 


The relative activation curve was obtained using calcium hydroxide cylinders 
irradiated at maximum betatron energies ranging from 15 to 24 Mev. The 
threshold of the reaction is well-defined at 15.8 + 0.1 Mev. McElhinney e al. 
(18) previously reported the threshold to be 15.9 + 0.4 Mev. The relative 
curve was subsequently normalized at 22 Mev. by a direct calcium—copper 
comparison. Calcium metal disks were used for this purpose. Oxidation was 
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minimized by keeping the disks under kerosene except during actual use. The 
normalized activation curve is shown in Fig. 2. 


SATURATED SPECIFIC ACTIVITY PER ATOM Ca® PER 100 R/MIN 
~ 





14 16 8 20 22 24 26 
MAXIMUM BETATRON ENERGY (MEV) 


Fig. 2. The activation curve for the reaction Ca‘%v, 2)Ca®*. The initial portion is shown 
multiplied by 10. 
DISCUSSION OF RESULTS 


While the shapes of the activation curves are determined within 5%, the 
authors feel that the absolute magnitudes of the activities and hence of the 
cross sections may be in error by as much as 20%. This error is due to un- 
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Fic. 3. Cross section curves for the reactions Si**(y, n)Si?? and Cay, 2)Ca*’. 
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certainties in the self-absorption corrections necessary and, further, to the error 
in the absolute value of the cross section for the normalizing reaction 
Cu® (y, 2)Cu®. 

Using the photon difference method of analysis (12), the cross section curves 
of Fig. 3 were obtained. Both exhibit the usual resonance shape. Table I lists 
complete characteristics of each curve. Data for the reaction S**(y, 2)S*! are 
included for comparison (6). The ordinates of the cross section curve in this 
reference were in error and have been corrected by multiplying by 0.6. 

TABLE I 


CHARACTERISTICS OF CROSS SECTION CURVES 














| Si28(-y, n)Si27 | S%(-y, n)S™ |Caty, n)Ca® 
ini trae 





sescesinanadineoesenni eh sores 
Threshold (Mev.) | 16.9+0.2 | 15.0+0.1] 15.8+0.1 
Peak cross section (mbarns) te ; 7 ee 
Energy of peak (Mev.) | 20.9 (2s | 19.3 
Half width ( Mev.) 3.5 4.5 4.2 
Integrated cross section to 24 Mev. (Mev-barns) 0.070 | 0.069 | 0.065 


{ 





The present work is in very good agreement with the neutron yield data re- 
ported by Price and Kerst (23). Their results are, of course, for the natural 
elements while the present data are for single principal isotopes only. Since the 
abundance of each of the principal isotopes in these elements is over 90%, the 
results should be comparable. Table II contains a comparison of the neutron 


TABLE II 
NEUTRON YIELDS PER MOLE PER ROENTGEN 














| Present work Price and Kerst 
Element rear ee eens es —— 
| 18 Mev. 22 Mev. 18 Mev. 22 Mev. 
Si | 7.58 X 10? 1.27 << 16 < 10 1.45 X 10° 
S | 2.23 x 108 1.47 X 10° < 108 | “¥4 5616 
Ca | 1.04 « 104 1.41 X 10 7.8 xX 10 1.33 X 105 





vields per mole per r. at 18 Mev. and 22 Mev. for silicon, sulphur, and calcium 
as determined by Price and Kerst and by our method. 

Agreement is well within experimental error in every case except for sulphur 
at 18 Mev. Since the S**(y, 2)S*! threshold is 15 Mev., it is difficult to under- 
stand the low neutron yield reported by Price and Kerst at 18 Mev. 

Baldwin and Elder (2) have determined the neutron yields from silicon, 
sulphur, and calcium using the X-ray beam from a 50 Mev. betatron. Yields 
were measured using a rhodium foil neutron detector. A Victoreen enclosed in 
a }-in. lead intensifier recorded the dose. 

We have used the presently determined cross sections (up to 24 Mev.) to 
calculate the neutron yield due to the (vy, m) reaction in the principal isotope of 
silicon, sulphur, and calcium at a maximum betatron energy of 50 Mev. The 
method of computation is similar to that reported by Johns ef a/. (10). The 
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theoretical Schiff spectrum (1, 24) for an electron energy of 50 Mev. was cor- 
rected using total absorption coefficients for transmission through the donut 
walls and monitor. To a close approximation, this gives the spectral distribution 
reaching the sample. This spectrum was then further modified using real ab- 
sorption coefficients for the absorption in 5.75 cm. of Lucite. The Victoreen 
response curve of Johns e¢ a/. (10) was then used to obtain the number of photons 
per cm.” per ‘‘Lucite roentgen” per Mev. region reaching the sample. McElhin- 
ney and Siewers (19) have found experimentally that for a betatron operated 
at 50 Mev., a Victoreen enclosed in §-in. lead reads 2.68 times higher than the 
same Victoreen at the center of a Lucite cube 11.5 cm. on an edge. The ordinates 
of the absolute photon spectrum obtained above were therefore divided by 2.68 
to obtain P(E), the number of photons per cm.* per “‘lead roentgen” per Mev. 
region. 

The neutron yield per mole per ‘‘lead roentgen’’ at 50 Mev. due to the (y, ) 
reaction is then 


50 
6.02 X 10° | oy, P(E) dE 
Eth 
which we have approximated by 
024 
6.02 x 107° Oy.» P(E) dE. 
Eth 


The values so calculated are compared with the total neutron yields from the 

natural elements as measured experimentally by Baldwin and Elder in Table III. 
TABLE III 

NEUTRON YIELDS PER MOLE PER “‘LEAD ROENTGEN" AT 50 MEv. 





| Si | S Ca 


(y, ) contribution for | : 

principal isotope only | 0.72+0.2 X10} 0.7320.2 X10) 0.67+0.2 x 10° 
Total neutron yield for | | 
natural element from 
Baldwin and Elder 12 +0.5 X10; 1.9 +0.7 105} 2.3 +09 X 105 
| 


The relatively large errors involved prevent the drawing of definite conclusions 
but it appears probable that the (y, 2) reaction is the most important source of 
neutrons for silicon and sulphur up to 50 Mev. 

In contrast, the measured neutron yield for calcium at 50 Mev. appears to be 
considerably larger than the yield for the (y, 2) reaction in Ca*®. Since Ca* 
constitutes 96.9% of the natural element, the extra neutrons could scarcely be 
due to larger (y, 7) cross sections in the heavier isotopes. Furthermore, it appears 
unlikely that the Ca‘°(y, 2)Ca*®® cross section has a long tail of sufficient magni- 
tude to account for the high neutron yield observed at 50 Mev. 

It should be remembered that 29Ca* is magic in both neutrons and protons. 
Thus, while having a normal gamma absorption cross section, the Ca* nucleus 
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might possibly have a suppressed single neutron emission probability. De- 
excitation would then occur preferentially by the emission of two or more 
neutrons, or by the emission of a proton and a neutron. If single neutron emission 
is suppressed it seems probable that single proton emission would also be. It 
would be of interest, therefore, to measure the proton yield for calcium. 

In an investigation of the relative (y, 2) yields in various elements irradiated 
with lithium y rays, Waffler and Hirzel noted a pronounced increase in yield 
between Z = 20 and Z = 21. We have investigated this effect by calculating 
from cross section curves determined in this laboratory (5, 9, 7, 13, 17, 14, 10, 























TABLE IV 
—<—<—<—< cae ‘sain — = = — =? SNe 
| Relative (¥, ) yield using | Inte - 
Atomic | Parent Li y rays (y, ) threshold} —— 
number | isotope = -—| ( Mev.) (Mev-barns) 
| Calculated |Waffler & Hirzel] 
; | oe 0 0 18.7 0.046 
7 N'# 0.57 0.3 10.8 0.030 
8 or 0.46 0.3 15.6 0.062 
9 | Fis 3.3 2:5 10.7 0.076 
12 | Mg*4 ¥.1 1.3 16.2 0.057 
13 Al?? 1.9 2.7 14.0 | 0.045 
14 Si?* 0.78 0.7 16.9 0.070 
15 pt 11.4 — 12.4 | 0.13 
16 S# 4.6 4.1 15.0 | 0.069 
17 cl* ao 3.7 — _ 
19 K39 (12) 4.5 13:37 - 
20 Ca‘? 3.4 2.0 15.8 0.065 
21 Sc* (14) 25 12.0° — 
22 Ti*® (12) 29 13.3° — 
24 =| Cre — 22 — — 
26 | Fe* 44 38 13.8 0.48 
28 Nié8 47 a 12.0 0.34 
29 | Cu® 100 100 10.9 0.66 
Cu® 147 150 10.2 1.18 
30 | Zn* 140 62 11.6 0.99 
32 Ge’ -= 114 a — 
34 Se*® — 155 — — 
35 Br??? = 73 = — 
Br®! 132 83 10.2 1.06 
37 Rb*®? 203 200 9.0 1.68 
42 Mo” 134 115 13.3 0.85 











2 Reference 18. 
> Calculated using semiempirical formula. 
© Reference 22. 


16, 11, 12) the yield to be expected using lithium y rays. The energy and intensity 
of the lithium y rays measured by Walker and McDaniel (26) have been used. 
The values so obtained (normalized to a yield of 100 for the Cu®(y, 2)Cu® 
reaction) are listed in the third column of Table IV. In the fourth column the 
values of Waffler and Hirzel are tabulated. In all cases where comparison is 
possible it is seen that agreement is satisfactory within the fairly wide limits of 
error. In Fig. 4, the relative yields are plotted as a function of Z. A trend towards 
higher yield values with increasing Z is observed together with sharp fluctuations 
from element to element. 
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Fic. 4. The correlation between the relative (y, ) yield, using lithium rays, and the 
reaction threshold. 


These fluctuations (particularly the sharp break between Z = 20 and Z = 21) 
may be completely explained in terms of varying reaction thresholds. Where 
known, the (y, 2) thresholds are listed in column 5 of Table IV. These values 
are plotted versus Z on the lower part of Fig. 4. For all cases where the data are 
known, the relative yields are high where the thresholds are low and vice versa. 
This is to be expected since the activities are produced by y rays of energy 
little more than the threshold energies of the reactions. Direct comparison in 
the immediate neighborhood of calcium cannot be made since the cross sections 
of K**, Sc’, and Ti** have not been measured. However, the reaction thresholds 
in K** and Ti** have been determined and the threshold for the reaction Sc* 
(y, n)Sc“ can be obtained approximately using an empirical mass formula (20). 
Assuming cross sections in these nuclei similar to the observed cross section in 
Ca‘® and shifting the energy scale appropriately, the three additional relative 
yields have been calculated. The threshold effect nicely accounts for the large 
yields observed in scandium and titanium. The observed K*® yield, however, is 
much less than that so calculated. The cross sections for the reactions K**(y, 2) 
K** and Sc**(y, 2)Sc are soon to be measured in this laboratory. A further 
comparison will be made at that time. 
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In column 6 of Table IV, the integrated cross sections measured in this lab- 
oratory are tabulated. The values for the reactions N“(y, 2)N¥, O'*(y, 2)O}, 
and Br*'(y, ”)Br®* have been obtained assuming the cross sections to be 
symmetrical. While fluctuations from element to element exist, within experi- 
mental error it appears evident that the integrated (y, ) cross sections increase 
for the most part smoothly with Z. 
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ENERGY LOSS OF HIGHLY CHARGED PARTICLES PRODUCED BY 
FISSION AND BY COSMIC RAYS 


SECTION I. OBSERVATIONS OF FISSION FRAGMENTS! 
By PIERRE DEMERS 


ABSTRACT 

Measurements on the range of the tracks of fission fragments recorded in 
special laboratory-made emulsions are reported. The origin was marked so that 
observations on length not possible otherwise were made. Stopping power and 
straggling for such tracks in different media are discussed. It is shown that the 
range of one fragment is little dependent on the range of the other paired frag- 
ment. The blackening of the two tracks near the origin is on the average unequal, 
that of the light fragment L being darker. It is inferred that ionization is greater 
near the origin for the Z fragment. Knock-on protons allow a range velocity 
curve to be drawn, and evidence is advanced to prove that the light associated 
particles are indeed knock-on protons. 

1. INTRODUCTION 

Several years ago, a study was made and published briefly (8) of the tracks of 
fission fragments with laboratory-made, very fine grained emulsions. Such emul- 
sions possess a remarkable discriminating power for the high ionizing powers 
encountered, which range between 1 and 13 Mev. per micron of emulsion. The 
width and the opacity vary markedly along these tracks which appear like narrow 
continuous lines, and the small grain allows one to recognize very small details. 
While visual observations of opacity often are satisfactory when done by an 
experienced observer, and may provide in some cases as much information as can 
be deduced by other means, they are subjective. Photometric measurements of 
light intensity, in addition to removing the subjective feature of visual appraisal 
of the track’s opacity and width, would yield absolute values of these quantities, 
and would open a new field to investigations on tracks recorded in nuclear emul- 
sions. This led us to the building of a special photometer, which was briefly de- 
scribed in its initial form by Demers- and Mathieu (12), and which will be 
described further in Section II. 

The discriminating power displayed by such emulsions would seem to make 
them an ideal tool for studying strongly ionizing recoil particles visible in cosmic 
rav stars and heavy cosmic ray primaries. While this study is still underway, it 
has been deemed convenient to present some first results concerning mostly 
identification of heavy particles, in subsequent sections. 


2. EMULSIONS USED 

Three kinds of special emulsions have been used. One is very small grained. It 
is obtained by the following method: 4.5 gm. of Minute Rapid gelatine of General 
Foods are swollen and dissolved in 50 cc. of water, then 25 cc. of ethyl alcohol 
are added, a 400 cc. beaker being used; this is solution C which is brought to 
50-60°C. before use. No thermostat is used, avoiding undue delays; the solution 
stays warm enough from the heat of precipitation evolved. To solution C are 


1 Manuscript received July 28, 1952. 
Contribution of Institut de Physique, Université de Montréal, Montreal, Que. 
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added 0.3 cc. of solution B containing 420 gm. potassium bromide per 1000 cc. of 
solution. Then at equal rates, from burettes conveniently controlled, 30 cc. of 
solution Band 30 cc. of solution A containing 600 gm. silver nitrate per 1000 cc. 
of solution are poured simultaneously into beaker C. The precipitation of silver 
bromide being completed, the emulsion is cooled and kept in the refrigerator 
overnight, the jelly is then broken into small shreds, which are washed in running 
cold water for one hour, collected, kept at about 5°C., and melted and coated at 
will. This is formula II of Ref. (9) in which the particular gelatine gives an es- 
pecially fine grain and a good discriminating power. 

The second kind of emulsion is small grained, similar to that of formula II, but 
perhaps a little coarser and more sensitive, so that it shows delta rays. It was 
obtained by the double jet method described in Refs. (10, 11). 

The third kind has a medium-sized grain. It is more sensitive and shows 
electron tracks of 100 to 200 u. Its discriminating power is poorer, although a 
track ionizing 1000 times minimum is not yet saturated and still shows some gaps. 
It was obtained by the triple jet method of Ref. (11). 

Finally some measurements were made also in Ilford and in Eastman emulsions. 


3. OBTAINING PAIRS OF TRACKS OF FISSION FRAGMENTS 

A three layer method was designed and used. The very fine grained emulsion 
described above is melted at about 45°C., a thin layer of it, £4, is laid on a glass 
slide 3 in. X 1 in. and dried. Thickness then should be about 20 u. 

In the meanwhile, a suspension of ammonium uranate is prepared. A 1% 
solution of uranyl acetate UO2.(CH3COz»)2 is mixed with a 1% solution of am- 
monium hydroxide NH ,OH. Concentrations are approximate. The turbid solution 
is centrifuged gently, and decanted. The product of the reaction is a sparingly 
soluble compound called ammonium uranate, of ill-defined composition, v. g. 
UO;(NH4)2 HO. The decanted residue is mixed with cold water, centrifuged 
again, and this washing operation is repeated. Too many washings may damage 
the precipitate, and a trace of ammonia in the wash water seems useful. When 
the appropriate conditions of precipitation and washing have been achieved, a 
yellowish jellylike mags results, the exact consistency of which is important for 
what follows. If it is too coarse instead of gelatinous, the gap between the pairs 
of tracks marking their common origin will be too large. This gelatinous mass is 
put in suspension with some water and spread on the slides already covered with 
laver E,. The layer of uranium compound U should be very thin. If it is too thin 
no track shows up; if there is a large amount of it, numerous fission tracks record, 
but the central gap is excessive. The practice followed has been to rapidly cover 
the slide with the nearly colloidal suspension and then to shake it briskly to re- 
move the excess. The coating then may be uneven but it will be satisfactory at 
least in some areas. As a help in this and subsequent phases of the manipulation, 
it is advisable to add methy] violet to the suspension of ammonium uranate. This 
has no photographic effect whatever, it disappears at the time of fixing, but until 
then it stains strongly the particles of the uranium compound, and thereby shows 
where this has spread on the slide. 
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The slides are left once more to dry, a third, thin layer of the same emulsion, 
E>», is added, and the slides are dried a third time. The plates are sensitized by 
bathing for one-half minute in a 1% solution of triethanolamine (C.H,OH)3N, 
and dried. They are irradiated and developed as rapidly as possible to avoid ac- 
cumulating too many alpha ray tracks from the uranium, which disintegrates 
steadily. 

Some other method might be tried to produce a very thin layer of a uranium 
compound. Evaporation of the element im vacuo onto layer E, might be tried for 
instance, or perhaps the U layer might be formed on another support and trans- 
ferred to the sensitive slide if direct deposition would induce fogging. On the 
other hand, other chemical compounds might suitably replace the one used here. 

Irradiation was performed in the Zero Energy Experimental Pile Zeep, to 
accumulate a flux of about 10° slow neutrons per cm.* The level of irradiation is 
limited by the single grain background formed, which may be tolerated. Re- 
duction of the background to fission track ratio was not accomplished by en- 
closing the slide in a castle of lead or of bismuth, which seemed to make the 
matter worse, perhaps because of the capture gamma rays produced in them. 
The best procedure found was to house a single plate wrapped in black paper in a 
hole in the graphite reflector. It seemed that most of the background arose from 
the emulsion itself, thicker emulsions being much more fogged. This would be 
explained if it is assumed that the fog is caused by the my reaction in the silver 
and bromine, and by the subsequent 6 decay of the radioactive products so 
formed. The fog would then be a second order effect of the thickness of the emul- 
sion lavers in contact. 

Time between the second drying and development was usually less than a day. 
Development was for 5 to 10 min. in D19 formula of Eastman Kodak at 20 - 
22°C. A stop bath was not necessary, but the acid fixing formula F5 was used. 
Often the layers peeled away from one another and from the glass support at 
some time during the processing, especially at the time of entering the fixer. 
Vaseline around the edges would prevent the emulsion from leaving the glass, but 
the two layers may not come back exactly in coincidence after the final drying. 
It was found necessary to draw, with a pen laden with molten vaseline, lines 
crossing each other to form completely enclosed rectangles of less than 10 mm. 
side. The narrow strips covered with vaseline are not very much wetted, are not 
processed, and do not come off; after the final drying, coincidence is good and the 
vaseline is then removed. The processing does not remove the U layer, at least 
not completely. After being fixed, the plates are washed in the usual way, and 
then treated with 50% alcohol before drying. This contracts the layers if they 
have become separated, and helps them to dry back in good coincidence. 

A somewhat similar technique has been described by Vigneron and Bogaardt 
(22). Layer £, is that already existing on an Ilford C2 or E; plate 25 uw thick. 
Layer U is prepared out of a uranium oxide powder fractionated by partial 
sedimentation so as to select grains of diameter nearly one micron. A suspension 
of this in a dilute gelatine solution is laid on top of E,, dried, covered with layer 

































on, 


3N, 
ac- 
tes 


um 
for 


la 
m 

be 
yer 


ul- 


ot 


ist 
nd 


ey 
dt 
al 


on 
er 


z 
b 
e 
p 
t 





DEMERS: ENERGY LOSS OF HIGHLY CHARGED PARTICLES. I 81 


E., and left again to dry before irradiation. Layer Ez is the sensitive layer of 
another similar Ilford plate, like C. or E;, which is swollen in cold water, removed 
by scraping with a spatula, and laid face down on layer U. This method dispenses 
with the preparing of the emulsion, and apparently brings less inconvenience 
from the layers peeling away. His grains appear as somewhat transparent crystals 
of 0.5-1 uw between the tracks of the two fragments, so that the central gap mark- 
ing the origin may be smaller in our procedure. Also the emulsion we used seems 
to show a better discrimination. Vigneron (21) has published measurements done 
with this method. 
4. OBSERVATIONS ON PAIRED FISSION TRACKS 

Upon examination of the developed plate, fission fragments may be seen origi- 
nating at random angles from the nearly transparent and insensitive U layer. 
This layer is revealed, where it is thin, by a gap between the pair of fission tracks. 
Where it is thick enough to show its yellowish appearance, the fission tracks 
springing out of it are more numerous, with a large gap between them. The origin 
is somewhere along the gap, between those parts of the tracks which show up, so 
the longer the gap the greater the uncertainty on the point of origin. We have 
assessed as a rule an upper limit of 1.5 w to the gap for precise length measure- 
ments, although the gap was in cases as small as 0.1 — 0.2 uw. If the origin is arbi- 
trarily taken in the center of the gap in each case, then it is seen that an upper 
limit of the corresponding error induced is 0.75 u on the length of either track, 
and 1.5 won their difference. It may be recalled that 1 » of emulsion is the equiva- 
lent of 0.039 mgm. per cm.’, which is the equivalent of about 0.028 mgm. per 
cm.’ of Al for a velocity of 1 to 2.10° cm. per sec. for a rays. However the gap is 
not made of emulsion but of a uranium compound. Although its stopping power 
has not been investigated, it should not be very much greater than twice that of 
the emulsion; no corresponding correction has been attempted, so on this account 
the ranges for either fragment in the emulsion as given may be too short by some 
0.75 uw in the case of the larger gaps. 

The marking of the origin, or the fact that the two tracks forming a pair are 
visible at a time, may be put to use in the following ways. The paired tracks are 
unequal in 98% of cases as found in the present investigation, so as a rule a long 
track L and a short track S may be defined, making up two well-defined groups 
the properties of which may be investigated. These two groups stand out in a 
statistical analysis of the ranges of single tracks obtained otherwise, but here the 
qualification of each track is unambiguous, except in two cases out of a hundred. 
It is known from semitheoretical arguments, confirmed for instance by Boggild, 
Arroe, and Sigurgeirsson (2), that the longer track belongs to the lighter fragment 
and carries more energy. 

Pertinent data regarding fission taken mostly from (6) are summarized in the 
following list. The energies are in the inverse ratio of the masses from momentum 
conservation, as long as the neutrons emitted are neglected, and the masses 
should have a sum equal to 236 minus that of the neutrons emitted at the instant 


of fission, that is 233. 
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Number of neutrons emitted: 3 

Most probable energy of light, long range, high energy group L’: 92.7 Mev. 
Most probable energy of heavy, short range, low energy group S’: 59.0 Mev. 


Their ratio: 1.57 
Their sum: 151.7 Mev. 
Most probable mass of L’: 94 

Most probable mass of .S’: 139 

Their ratio: 1.48 
Width at half maximum of the mass distribution curve (L’ or S’): 16 

Width at half maximum of the energy distribution for L’: 12 Mev. 
Same for 5S’: 20 Mev. 


Besides confirming the existence of two length groups, one may ascertain the 
difference in length D = L — S in individual cases, and this may be studied as a 
function of total length 7 = L + S, or of some feature of either track. For a 
given Z value, the distribution in S, D, and T may be studied, etc. 

Finally, other distinguishing features may be investigated in the two associated 
tracks, in conditions of recording and of observing which are very similar for both 
tracks in a pair. In particular any difference between the blackening near the 
origin may be estimated with confidence. 

According to cloud chamber observations (3), the S tracks leave considerably 
more frequent visible recoils, but no obvious difference of the kind appeared in 
the emulsion. Features now generally known are displayed in Figs. 1 — 4, and in 
Figs. 19 to 24 of Ref. (9). The tracks thin down near the end, because electron 
capture increases with reduced velocity, and diminishes their ionizing power; 
however at the very end, there is an increase of ionization and of visible blacken- 
ing attributed to nuclear encounters. These nuclear collisions cause multiple 
scattering all along the track, and the knock-on nuclei show up more numerously 
at the very end. In Fig. 2, the nearly right angle forking shows that the fission 
fragment has collided with a particle of nearly the same mass, silver or bromine, 
rather than carbon, nitrogen, or oxygen. Fig. 3 shows what is probably a close 
collision with a carbon, nitrogen, or oxygen nucleus, while in Fig. 1B small bumps 
are attributed to distant collisions with hydrogen nuclei. Fig. 25 of Ref. (9) shows 
what is either a collision with silver or bromine, or a triple fission. Figs. 4 and 5, 
same phenomena as in Fig. 1 of Ref. (8), show phenomena with the origin marked. 
Fig. 26 of Ref. (9) shows fission tracks recorded in Eastman 548. Lark-Horowitz 
and Miller (15) were the first to observe fission tracks in this last emulsion. 






Fifteen hundred complete pairs of fission tracks have been observed, and 129 
were found suitable for measurements: gap short enough, slope 10% or less, and 
no distortion. It is believed that any distortion modifying the length by more 
than about 2% was detected, since a 5% distortion was very obvious from the 
aspect of the track: the grains were either crowded together, or pulled apart with 
the appearance of gaps. On these 129 tracks, measurements of length and some 
concerned with opacity were made. 











5. LENGTH MEASUREMENTS 


The frequency distributions obtained for ZL, S, D, and T are shown in Fig. 6. 
The combined curve C is also shown. This is obtained by adding up the frequency 
of all lengths of single tracks ignoring whether they are S or L tracks; it could 
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Fic. 1A and B. Complete fission tracks, center not marked. Note the gradual thinning 
down, and the more numerous recoils near the ends. 

In 1B, a few very short knock-on protons were visible under the microscope. Very fine grain 
emulsion. 

Fic. 2. Collision with a heavy nucleus, silver or bromine, recognized by the nearly right 
angle. A fine grain emulsion. 

Fic. 3. Three particles, their range complete in the field. One event, three negatives, four 
prints. The long range one may be emitted at the instant of fission, or be a carbon, nitrogen, 
or oxygen knock-on nucleus. From its density it is much more ionizing than @ rays such as the 
one visible in one of the prints. Scale is smaller than in the other photographs. 


Very small grain emulsion, center not marked. 








E 
¥ 
< 
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Fic. 4. Long and short tracks with origin marked. One event, three negatives. Note the 
difference of blackening near the center, L being blacker than S. 

Fic. 5. Long track LZ on the left looks blacker than S. One event, two negatives. An @ ray 
is emitted coming accurately from the marked origin. 
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also be drawn from an experiment with two layers, U and E, providing layer U 
were thin enough. Two humps may then be recognized but not so distinctly as 
on the separate curves. Curves S and L overlap to some extent which would 
naturally be impossible if only single tracks were available as in a two layer ex- 
periment. However there is no contradiction here, since definition is by the 
difference observed in each case: some S tracks are indeed longer than some L 
tracks belonging to another pair. There are two cases of equal lengths S = L, at 
T = 42 and 52 divisions. 





Fic. 6. Frequency distribution on 129 pairs. Total length 7, long track L, shortftrack S, 
difference L ~ S = D, combined L and S distribution C. Distance MAX from the origin of 
maximum of blackening sometimes observed; for the two humps marked minus —, abscissae 
should be negative, + is direction of L particle. Length of Nis (m, p) Cia protons P. Average 
values of R are shown by a vertical bar. One division = 0.565 yu. 


We may wonder how many times the difference D is taken with the wrong 
sign. To make the question more precise, we know that there exist well-distinct 
S’ and L’ groups, S’ being heavier and less energetic. Cases of symmetrical fission 
where masses and energies are equal are known, from chemical and ionization 
chamber evidence, to be extremely scarce. Then if a given mass and energy 
always gave the same total range, and if we were able to recognize in our measure- 
ment the S’ and the L’ tracks, we should always find the S’ track to be shorter 
than L’. The fact that 2% of measurements give equal S and L, or S’ and L’ 
tracks suggests that sometimes the S’ track is longer than L’, on account of some 
range straggling. Then the difference D’= L’— S’ would be negative. Therefore, 
on the basis of length measurements alone, cases may happen where a small 
positive difference D corresponds to a small negative value of D’, and this cannot 
be told in individual cases on the basis of length measurements alone. However 
the frequency of D’= 0 is the same as that for D = 0, that is 2%, and as it seems 
safe to assume that the distribution decreases rapidly at negative values of D’, 
from the appearance of the distribution in D, the total frequency of negative 
values of D’ ought to be less than say 1 or 2%. 

In other words, the difference between the ranges may lead to a proper attri- 
bution of masses in 97 — 96% of cases, while in 2% of cases, decision cannot be 
made, and in another 1 — 2°%, decision should be reversed. 
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6. STOPPING POWER 

The stopping power was determined for the alpha particles of U;,; in the same 
emulsion but not in the same plates. Those alpha ray tracks which are seen in 
the three-layer plates originate in the U layer, and have traveled in this a distance 
impossible to appraise, which reduces their visible path by an unknown amount. 
Although the U layer is preferably nowhere thicker than 2 or 3 u it is transparent 
and very difficult to tell, except when it is thick, from the adjacent E; and E2 
layers by simple inspection; since for range measurements only nearly horizontal 
tracks are taken, the uncertainty is of the order of the thickness + sin 6, 6 being 
between 0 and 5°. This uncertainty on the origin does not exist for the fission 
fragments, because the limits of the U layer are marked by tracks showing up on 
both sides of it. 


SoTL PINE EET IORI 


The stopping power was measured in layers of similar emulsions containing 
about 0.05% UO2(CH;CO2)s. It was also determined in the three layer plates 
by observing the Nis(”,p)Ci4 protons P which showed weaker but distinct 
tracks. Their range was very exactly the same as in the layers containing added 
uranyl acetate. Recoil protons reaching an energy of 6 Mev. were also visible, 
which indicates the sensitivity of the emulsion. Table I shows these results. 


TABLE I 
RANGES AND STOPPING POWERS 




















Number of tracks in these measurements | 129 33 22 
Nature of tracks ak. os D T P. aUyy 
Number of divisions equal to 0.565 u | 25.34 | 19.71 | 5.63 | 45.04] 11.21 | 33.25 
Length in uw | 14.32 | 11.14| 3.17 | 25.45] 6.33 | 18.79 
Length in cm. of air after B., B., and L. (3)* | 2.54 | 1.95 | 0.59 4.49 | (1.03) (3.19) 
From (17) - - - - | 106); 3.21 
Stopping powers derived 1774 | 1750 | 1861 1764 | 1674 | 1708 
Length in cm. of air if stopping power for Uj, is | | 
adopted = 1708 | 2.45] 1.90] 0.54 | 4.35; 1.08 | 3.21 


* Names of authors are abbreviated in this way in the tables. 


Standard deviation on L and S is about 0.2 divisions, and on T and D about 
0.3. It is seen that the stopping power is higher for the fission fragments than 
for a rays and for slow protons, although its value may not be as large as men- 
tioned by Boggild, Minnhagen, and Nielsen (1835). Our ranges are apparently 
longer than those found by most other authors, probably because we used a more 
sensitive emulsion, showing the end of the track which may be lost otherwise 
since it ionizes less. 

















Table II gathers data from other authors. Those of Vigneron (21) may serve 
as a comparison for the separated groups in the emulsion, and also those of Green 
and Livesey (13) but in their case, the center was marked only when it was the 
origin of a long-range alpha particle. We should then expect less energy to appear 
in the two main fragments. Those of Green and Livesey, and those of Tsien, Hoh, 
Chastel, and Vigneron (20) may serve also for the values of 7. Cloud chamber 
values are also added from Boggild, Arroe, and Sigurgeirsson (2), and Boggild, 
Brostrom, and Lauritsen (3). 
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TABLE II 


COLLECTED DATA ON RANGES (MICRONS OF EMULSION OR CENTIMETERS OF AIR REDUCED BY 
ASSUMING THE SAME STOPPING POWER AS FOR Po, OR FOR Uy; ALPHAS) 



















































































Ez = D | T D/T 
Our results: microns of emulsion 14.32 | 11.14} 3.17 | 25.45 | 0.129 
centimeters of air 2.45 | 1.90) 0.54 4.35 | 0.129 
V. (21), emulsion Ilford E:: microns of emulsion 13.4. | 10.4 3.00 | 23.8 0.126 
T., H., C., and V. (20), Ilford C2 — — —_ 24.5 — 
G. and L. (13) emulsion Ilford B, desensitized by uranyl 
acetate 1% = = — 24 — 
Same, 2% — —_ — 23.5 — 
Same, 4% — — — 23.0 - 
Same, Ilford C; — -- 24.0 
Same, Ilford C. when a particle of range greater than 
50 u is emitted 12.5 9.8 | 27 | a 0.121 
| (23.2) 
Same, range greater than Su — = — 22.9 — 
T., H., C., and V. Ilford C, when a third particle is 
emitted ' 13.0 | 10.5 | 2.5 23.5 0.106 
M. (18), wet NTB — — — 27 — 
Same, when an a ray is emitted — — —_— 25.3 0.123 
B., A., and S. (2) in Xe, cm. of air 2.3 1.8 0.5 5.1 0.098 
A, same | 2.39| 1.94] 0.41 4.33 | 0.094 
A; B., B., and L. (3) 2.5 19 | 06 4.4 0.136 
He, same 3.0 2.3 | 0.7 5.3 0.132 
He; B., A., and S. 2.8 2.3 | 0.5 5.1 0.098 
De, same 2.25 | 1.89} 0.36 4.14 | 0.087 
He, same 2.11 | 1.77 | 0.34 3.88 | 0.088 
B., M., and N. (4) in air, absolute determinations 2.54 | 1.95 | 0.59 4.49 | 0.132. 
K., M., and S. (14) Pu fragments in air from 2.9 0.95 | (4.49) | 0.212 
| to 1.95 | (max.) (max.) 








In this table, it is curious that the D/T ratios are small for all elementary gases, 
of all masses, ignoring the older values, on the one hand, and large for air and 
emulsion, on the other hand, the observed variation being of the order of 50%. 


. 7. STATISTICAL ANALYSIS 

The ability to see the two tracks of each pair allows us to plot a three di- 
mensional representation as in Fig. 7. Here length L is in abscissae, S in ordinates; 
since L > S, all points lie on the right of the diagonal D = L — S = 0. Differ- 
ences D and total length T = L + S are equal along diagonals at right angles to 
each other. For each pair of integral values of L and of S, the observed frequency 
has been written, which is the third coordinate. Analogous diagrams with energies 
replacing ranges were plotted by Jentschke and Prankl, Flammersfeld, Jensen, 
and Gentner, Deutsch and Ramsey, and Brunton and Hanna (6) who survey the 
literature. 

Contour lines joining points of equal frequencies have been drawn, the statistics 
being not very satisfactory for this purpose; however, the peak would then be 
placed at L = 25.5, S = 19.5, T = 45, D = 6, which agrees nearly with the 
observed averages. The contour lines near the peak seem to be somewhat elon- 
gated parallel to the axis of D. 
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Fic. 7. Statistical analysis of 129 associated pairs. Length of Z track in abscissae, of S track 
in ordinate s, number of cases is shown. Total length 7, and difference D may be read on oblique 
axes. Tentative contour lines connect points of equal frequencies. 


From data such as that illustrated we may select a value of L, seek what are 
the values of S, D, and T associated with it, and plot their frequency distribution; 
then select another value of Z and repeat the operation, etc. To preserve sta- 
tistical significance, we have done this, but by choosing only two groups of L 
values. Similarly we have chosen two groups of S values, and looked for the 
frequency distributions of L, D, and T; and also two groups of D values in turn, 
and looked for the distribution of S, L, and 7. We have chosen four groups of 7 
values and looked for the distribution of D values. The results are shown in 
Table III and in Fig. 8. 

The most interesting conclusion derived from this analysis is the following: the 
length of the long track is little dependent on the length of the short track with 


TABLE III 


STATISTICAL ANALYSIS OF PAIRS OF FISSION TRACKS 
ONE DIVISION = 0.565 MICRONS 


“Dillerences 
of the averages 


lo 26 - 33 
Number of cases 129 74 | 4 
| 


: ——— 
Groups of L values | 20-33 | 20-25 
| 


| 
Average L 25.34 | 23.77 3.68 
Average S | 19.71 | 19.46 0.59 
Average D | 663 | 2.31 | 7 | 3.09 
Average T | 45.04 43.23 | ‘ 4.27 
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B 
Differences 

Groups of S values 14-20 21-28 | of the averages 
Number of cases 83 46 
Average S 18.35 27.17 3.82 
Average L 25.02 25.91 0.89 
Average D 6.67 3.73 — 2.94 
Average T 43.37 48.09 4.72 

c 

Differences 

Groups of D values 0-5 6-15 of the averages 
Number of cases 62 67 
Average D 3.16 7.91 4.75 
Average S 21.06 18.46 | — 2.60 
Average L 24.22 26.37 2.15 
Average T | 45.29 44.84 — 0.45 

D 
Groups of T values | 36-43 44-45 | 46-48 | 49-61 
Number of cases | 39 | 39 | 36 | 15 
Mean of extremes 39.5 | 44.5 | 47 55 
Average D = D 6.07 | 5.58 4.94 6.25 
D/mean of extremes | 0.154 | 0.125 | 


0.105 0.114 


which it is associated, and conversely, the length of the short track depends little 
on the length of the associated long track. The variations of D and T may be 
viewed as necessary consequences of the above. 





5 Bs L T D>5 





5 DS L T s<2 





Rdiv 10 


Fic. 8. Distribution curves of three length elements, a fourth one being chosen. The chosen 
element is mentioned at right, and its mean value is shown in its place. Note how little Z (or 
S, or T), varies with chosen S, (or L, or D). 
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Another conclusion is that the total length is almost independent of the as- 
sumed difference, and conversely, that the difference in length is almost inde- 
pendent of the total length assumed. The variations of L and S observed with 
the two groups of values of D are then necessary consequences of the above. The 
relative difference in length D/T, though, decreases with increasing T. 

A more precise form may be given to these statements by writing the deriva- 
tives. The assumed quantity is taken as the independent variable, and finite 
differences in the averages are assimilated with differentials. Then the following 
list of relations and values is obtained. 


dS/dL = 0.16, dL/dS = 0.23, 


dD/dL = 1 — d8/dL = 0.84, dD/d8 = dL/dS — 1 = — 0.77, 
dT/dL = 1 + d8/dL = 1.16, dT /dS = 1 + dL/d8 = 1.23, 
dL/dD = 0.453, 

d8/dD = dL/dD — 1 = — 0.547, 


dT/dD = dL/dD + d8/dD = — 0.095, 
dD/dT ~ 0.25/13 = 0.0192. 

The last value is only approximate. These quantities are not all statistically 
independent. It is noteworthy that dS/dL and dL/dS as defined are not simply 
reciprocal one of the other; they are both positive. 

These partial derivatives concerning range values have a parallel in the energy 
determinations of paired fragments. For instance, quantities similarly defined 
may be read off Fig. 12 of Ref. (6); calling S’ the energy of the low energy group, 
and L’ the other paired energy, 

dS /dL’ ~ dL’ /dS' ~ 0.2 to 0.25. 
The energy of one fragment is almost independent of the value chosen for the 
paired fragment, and more precisely one energy increases on the average a little 
if the other energy is increased. Our observation on ranges agrees with this one 
even to the approximate numerical value of the derivatives. The data on energy 
distribution do not lend readily to a similar comparison of D’= L’— S’ and 
T=L'+S’. 

No direct comparison may be made with published ranges, although the neces- 
sary observations have been made by several authors (4), (13), (18), (20), 
and (21). 


8. STRAGGLING OF THE RANGES 

We may take as a measure of the straggling, half of the smallest interval of 
length comprising 67% of cases, i.e. 87 out of 129 in the present instance. This 
interval is equal to 2c¢ if the distribution is gaussian, o being the standard devi- 
ation. The results are shown in Table IV which also comprises data as given by 
the authors, or else derived by the procedure outlined from the published figures. 
Units are microns of emulsion or centimeters of air for range, and the figures 
represent the standard deviations. Straggling on the whole is seen to vary con- 
siderably in various media, and the data collected would seem of considerable 
interest for the theory of energy loss and of straggling of ranges. 
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TABLE IV 


STRAGGLING OF THE RANGE OF FISSION FRAGMENTS 

















| 
L | S D T 

7 aoe i eee 

Our results 1.13/14.32| 1.27/11.14| 1.64/3.17 | 1.70/25.45 
7.9% | 11.4% 516% | 6.65% 

Emulsion Ilford E,, 1.0/13.4 | 1.1/10.4 | | 1.4/23.8 

V. (21) 7.5% | 10.6% — 5.87% 

| 

Ilford C2, _— — — 1.65/24 

G. and L. (13) 7.2% 
Same, T., H., C., me | a — | 2.95/24.5 

and V. (20) | 8.28% | 
Same, G. and L., 1.1/12.5 | 1.15/98 | — — | 

when a long-range | 

particle is emitted, 8.8% | 11.7% 

Fig. 7 of Ref. (13) | 
Same Fig. 8 of -- _ -- | 1.5/22.0 

Ref. (13) 6.54% 
G. and L., Ilford Bi, -- a — 1.44/23.5 

% UO.(CH;CO:2)2 | 6.13% 
Same, 4% Bm iggel> Bete — | 1.15/23.0 
| | | 8% 

In air, B., M., and | 0.175 /2.54 | 0.13/1.95 0.2/4.49 
N. (4) 6.9% | 6.7% —_ 4.44% 
In Dz gas, B., A., | 1m 113 /2. 25 | 0.08/1. 89 — 0.198/4.14 
and S. (2) 5.0% 4.23% | 4.76% 

In He gas, same 0. 135/2.11 | 0.1/1.77 = 0.14/3.88 
6.4% | 5. 65% | 36% | 
| | | | 
In He gas, same | 0.125/2.8 | 0.175/2.3 | — 0.1/5.1 
5 4.45% | 7.6% 1.96% 
In A, same | 0.175/2.39| 0.15/1.94 -- | 0.23/4.33 | 
‘ 7.3% 7.75% 5.3% 
In Xe, same | 0.15/2.3 | 0.175/1.8 — | 015/4.1 
6.5% 9.7% 3.65% 
Pu fission fragments 
of given masses in 4.97% | 
air, K., M., and | 
S. (14) 
| 
Energy distribution, | 6/92.7 | 10/59 
half-width at half 6.47% | 16.9% | 
height (6) 
Standard deviation 5.5% 14.3% 


1/1.18 times the 
former quantity 











P 


0.40/6.33 
6.35% 





“4.0% | 


| 





aUyy 


0.62/18.69 
3.3% 





0.1/3.19 
3.19% 
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The data of Vigneron are the only ones directly comparable with ours, and 
they are seen to agree quite well. The slightly smaller deviations he found may 
indicate better measuring technique, however the difference may also be real and 
not instrumental: the alternative explanation is based upon the series of determi- 
nations of Green and Livesey. The more insensitive the emulsion in their case 
the smaller the total range and the smaller the straggling, the order of decreasing 
sensitivity being as follows: C2, B; soaked in 2%, and in 4% uranyl acetate. Our 
emulsion would fall near C2, or more sensitive, and Ilford E; of Vigneron would 
fall not far from B,2%. In other words, a significant part of the range straggling 
would occur in the last micron or so of the range of each fragment, which is sup- 
pressed from the record in the least sensitive emulsions. So on the whole, the 
measurements of straggling in the emulsion by various authors are well con- 
sistent, the absolute and the relative straggling being always higher for the S 
group, the same as for the width of the energy distribution, while in gases, 
straggling is often larger for L. 

Data on the straggling in xenon and argon give values near those for the 
emulsion, which is satisfactory since we expect much of the straggling to arise 
from nuclear collisions; nuclei of a weight comparable with that of the fragment 
should then behave similarly. Straggling for the other, lighter gases is somewhat 
smaller. 

A formula given by Livingston and Bethe connects the electronic straggling 
observable for two different particles in the same medium: 


a(M, 2’, R) = M-* o(1, 1, R 2°%o¢¢/M). 


The straggling on the right refers to a proton of reduced range Rz’*.4;/M, and is 
in the present instance about 2% in air and 3% in the emulsion; then o for the 
fission fragments should be of the order of 0.2% and 0.3% respectively. We may 
deduce that their straggling in air as well as in emulsion is predominantly due to 
nuclear encounters, with presumably some contribution from the variations in 
2'¢¢ along the range. 

Bohr (5) has discussed the range straggling of fission fragments and his theo- 
retical value is 3% in air, with larger values being expected in media of higher 
atomic number. Our findings agree with his predictions on this, and also on the 
importance of the last part of the range for the over-all straggling. 


9. COMPOSITION OF STRAGGLINGS 
The observable straggling of ranges og for either group LZ or S may be analyzed 
as containing three of four component stragglings. Fragments having well-defined 
mass and energy would not have all the same range. This is due to the straggling 
of ranges proper oj, such as is well known for a rays and protons. Fragments of a 
given mass do not have all the same energy and their mean range varies with 


energy ; this is a second cause of straggling a2, and it is seen easily that o2= ox/J, 
if og is the straggling in the energy distribution of a given mass as emitted in 
fission, and J = dE/dR is the rate of energy loss at the beginning of the path of 
the fragment of given mass and mean range. Finally, all fragments in a given 
group L or S do not have the same mass, and on this behalf, fragments having all 
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the same energy would show a straggling of their mean range o3= o4(0R/0M)z, 
if oy is the straggling of masses, and (0@R/dM)z is the rate of change of mean 
range R with mass supposing all masses to be emitted with the same energy. 
Supposing further that all distributions are statistically independent of one 
another (which is certainly not quite true for o2 and a3), that they are gaussian, 
and that suitable average values are used in the formula, 
or= oi + 02+ 03 = a1 + og/T + on (OR/IM)z. 


In this expression, og and oy, depend only on the fission process, while the other 
quantities are also dependent on the medium. 

Straggling op could also be analyzed otherwise, by taking account of the charge 
of the emitted nuclei as another fourth variable. It would be required to add a 
term oy, and the definition of 01, o2, and’ a3 would have to be modified. 

Data existing in the literature allow some computations to be made according 
to the above formula. Table V gathers these data. The values of or, og, and oy 
are taken from Table IV; the values of J are taken from Part II of this series of 


TABLE V 
COMPOSITION OF STRAGGLING FOR FISSION FRAGMENTS OF U.3; 





























Emulsion Air 
L S L | Ss 

oR | 113m 1.27 0.175 cm. 0.13 

7.9% 11.4% 6.9% 6.7% 
Or 5.1 Mev. | 8.5 5.1 8.5 
I 11.7 Mev./u 10.6 | 66 Mev./cm. 60 
o2 | 0.44 0.80 | 0.078 0.141 
ou 6.8  - 6.8 6.8 
(OR/OM)g upper limit for Puss | 0.069 0.069 0.012 0.012 
03 upper limit | 0.47 0.47 0.076 0.076 
a, derived | 0.73 0.56 | 0.137 — 

5.1% oe 5.4% 
a1 derived if a= 0 | 1.04 0.98 0.156 

| 7.3% 8.8% | 6.1% 





articles, for the emulsion. Stopping power is taken as 1764 for calculating the 
value of J in air. According to the said article the value of (@R/0M)x should be 
zero, inasmuch as we find that there is a single range—energy curve for Z and S. 
An upper limit for this quantity is found by taking the approximate slope of a 
published R vs. M curve, Fig. 4 of Ref. (14), for Pu fragments in air. However, 
the fragments in this case had not a constant energy but an energy, dependent 
on the fission process, which decreased with increasing mass, so that the absolute 
value of the slope was larger than the quantity we require. 

Then deducing o2 and o3, we may derive values of the straggling of ranges 
proper o;. Values found are reasonable for the emulsion, and for L in air, and not 


92 CANADIAN JOURNAL OF PHYSICS. VOL. 31 


very different from one another. For S in air, o2 is larger than og. According toa 
recent paper of Leachman,* energy straggling og as derived from ionization 
chamber measurements is partly instrumental; if a2 is reduced accordingly, better 
agreement would obtain in the case of S in air, and values of a; would increase 
generally. 

At any rate, it would seem that o; in air ought to be smaller for S than for L, 
while in the emulsion, a; is comparable for S and for L. 

The straggling measured in air for given masses (14) is the statistical sum of 
g, and op. From its value of nearly 5%, and taking cg= 6.8% for both L and S, 
the value of «; may be deduced to be 4.6%, or 0.117 cm. for Z and 0.09 cm. for 
S, in approximate agreement with the upper limit found independently of 0.076. 


10. BLACKENING OF THE TRACKS NEAR THE ORIGIN 


It was noticed that the long track is usually blacker near the origin than the 
short one belonging to the same pair. Some systematic observations on this 
matter were made and are summarized in Table VI. 


TABLE VI 
BLACKENING OF 129 PAIRS OF TRACKS NEAR THEIR ORIGIN. NUMBER OF CASES 





| | se | 
| Total | L above | L beneath | Not 
| number of cases| U layer '| U layer | recorded 


L blacker than S 98 45 | 41 12 
of equal lengths 
L less black than S 
Undecided 9 — | ( 
Equal lengths, one blacker than the other 1 — | 1 


Total | 129 } | 40 


16 
5 


, 
Land S equally black, including one case | 
| | 

} 





The experimental evidence seems quite clear. Out of 118 usable observations 
on pairs with unequal S and ZL tracks, 98 or 83% show L blacker than S if the 
first few microns of each are compared, 16 or 13% show equal blackness, and 5 
or 4% show S blacker than L. Statistics display no correlations with L being 
recorded above or below the U layer. The obvious inference is that L ionizes more 
than S near its beginning. To agree with the contrary we would have to make an 
hypothesis like the following. 

Suppose that some effect like ‘‘solarization” or ‘‘reversal’”’ would occur, mean- 
ing that a larger value of the rate of energy loss J would bring about a smaller 
blackening; this situation has never been observed so far for single tracks or for 
the collective effect of ionizing radiation. 

If we try to explain by such a “‘‘reversal’’ the lesser blackening at the beginning 
of S, since the variation of J along S is no doubt a continuous function, the 
blackening should increase as we go away from the origin and show a maximum 
at a point where the values of J become sufficiently small and leave the domain 
of alleged “‘reversal’’. A maximum of the blackening happens along S but seldom, 


*Phys. Rev. 87: 444. 1952. 
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as discussed below. So we may safely conclude that there is no reversal and that 
L ionizes more than S near the beginning. The differente may be 10%, from a 
subjective visual appraisal. 

The fluctuations in blackening for a given ionization, when such small lengths 
are considered, may suffice to explain the 17% of cases where the difference is 
not of the predominant sign. However the possibility is not excluded that at 
times S ionizes more than L. And it may also happen that sometimes the L 
really belong to the S’ group of heavy fragments, owing to range fluctuation; 
for such cases, D should be small, as discussed above, and this may be expected 
to happen in one or two cases here. In this respect it may be significant that the 
difference D when the blackening of S is greater has an average value of only 
3.2 = (1+4+5+2+4)/5, noticeably smaller than the general average 
D = 5.6. For the 16 cases of equal blackening D = 5.2. 

These observations, incidentally, confirm the assignment of the LZ track to the 
lighter and more energetic fragment: it ionizes more strongly and is longer and 
therefore carries more energy. 

No exactly like observations may here be compared. The discriminating power 
of emulsions used by other authors was usually insufficient to allow such differ- 
ential estimation of blackening. However the writer has had the privilege of 
looking at some plates of Vigneron while visiting his laboratory, and has ob- 
served the same kind of difference; the picture of one pair published by Vigneron 
and Bogaardt also shows, if examined closely, the same difference. The figure of 
Green and Livesey of a pair associated with an alpha ray shows no detectable 
difference. 

If this difference exists we should be able to tell the origin of the pair of tracks 
without having to mark it artificially, in an emulsion containing a dissolved 
uranium compound, since there should be naturally a discontinuity in the blacken- 
ing, as at the point of occurrence of the Li(#z H3)a reaction. Indeed in a very fine 
grain emulsion, we have been able to do this by visual inspection for one pair in 
about 10 or 20 suitably oriented. This is just at the limit of what discriminating 
power over a very short length of track will permit. 

In about half of the pairs of fission tracks, the blackening seemed to increase 
slightly from the origin and present a maximum before diminishing toward the 
end of one track. The maximum appeared in one case along both tracks of a pair. 
The effect of side bumps or recoils was corrected for visually, and we attempted 
to estimate the blackness of the central portion of the track. The position of the 
maximum found is analyzed in Fig. 6, distances being counted as positive in the 
direction of ZL. The explanation of this may lie in the effect of the neighboring 
inert U layer during development, and in the fluctuations of blackening along the 
range for.a constant ionizing power. The arithmetic mean of the range of the 
maximum is 5.8, strangely similar to D = 5.63, but the agreement is probably 
fortuitous, and not specially significant, since in about half of the 129 pairs, the 
blackening seemed to decrease right from the beginning. So the average blacken- 
ing is seen to decrease from the origin, and there is no reason to believe that 
ionization does not behave likewise in individual cases. 
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Some confirmation that L is denser than S near the beginning may be seen in 
the following data comcerning measurements in plates containing dissolved 
uranyl acetate. The maximum of blackening near the center was taken as the 
origin for measuring Z and S. In Eastman 548, 23 tracks, arbitrary divisions, 

L = 14.2 div., S= 12.4, D=18, T = 26.6, 

or = 6.2%, 75=6%, D/T = 68%, or= 4.8%. 
In a fine-grained emulsion, 43 tracks, arbitrary divisions, 

L = 33.5 div., S = 30.6, D=29, T = 641, 

or= 7.5%, os= 6.5%, D/T =45%, or= 5.5%. 

If the beginning of the S track were marked by a region of greater density, this 
region would be taken as the origin in the present measurements, and this would 
tend to increase the difference between L and S. In fact it is two or three times 
smaller. 

These visual observations were confirmed by photometric measurements, 
which are described in Section II, which also contains a discussion of the litera- 
ture. See also Lassen (16), and Mathieu (19). 


11. ASSOCIATED @ RAYS 


In six cases out of 1500 pairs observed, a lighter track was seen originating at 
the same point as the two heavy fragments. From its appearance in each case it 
was judged to be an a ray rather than a proton. None stopped in the emulsion, 
and one had a visible path of 28 cm. of air equivalent. These a rays have now 
been studied fairly extensively (18), but our observations confirm that emission 


is from the very origin of the two main fragments, and therefore that the three 
particles are emitted simultaneously. An upper limit of the delay between 
emission of the fragments and emission of the a ray, if this is supposed to come 
from one of the fragments, was attained in one particular case, where the track 
of the a ray pointed back very exactly to the center of the very short gap marking 
the origin, within an accuracy estimated as 0.1 or 0.2 uw (Fig. 5). If 10° cm. per 
sec. is taken for the velocity of the fragments, the upper limit for emission of the 
a ray from the fragment is one or two times 10~'* sec. This is probably the short- 
est time interval in a physical phenomenon ever measured. Green and Livesey 
(13) have arrived by a similar reasoning to a value 10 times higher, since the 
origin in their case was not marked. 
12. KNOCK-ON PROTONS 

Some 30 cases of weak tracks starting from one of the fission tracks, some 
distance from its origin, were also observed. They were identified as protons 
from a comparison with surrounding protons and a rays. In eight cases proton 
and fission tracks were lying nearly flat, and then range and angle measurements 
were made. From these, the velocity V of the fragment is derived, knowing that 
of the proton v, and the angle @ between the direction of both; 

V = v/2 cos 6, 

which follows from conservation laws neglecting the difference between M/(M + 1) 
and unity. The range—velocity relation so obtained is shown in Fig. 9, as a single 
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straight line passing through the origin; the accuracy does not justify drawing 
separate curves for S and for L, and no indication is obtained of the hump ex- 
pected at low velocities, knock-on protons being visible mostly at high velocities. 
The agreement with the curves used by Bohr (5) as obtained by Boggild, 
Brostrom, and Lauritsen is reasonable, although our velocities seem to be syste- 
matically 10% too high. The equation of our straight line is V = 6.10° R, units 
being cm. per sec. and cm. of air. 


15.109 





9 
1.10 cmyjsec 


Fic. 9. Range-velocity diagram. Straight line V = 6.10° R if R in centimeters of air fits our 
points, the two other curves are from Boggild et al. (3). 


On the other hand, careful examination of fission tracks in good conditions of 
emulsion and of development showed in cases as many as four or five small 
bumps, which are believed to be due to numerous very short proton tracks, 
usually too short to be observed, whose range may be 0.5 or 0.3 u. Such recoils 
have been observed by Boggild, Brostrom, and Lauritsen in the cloud chamber, 
where 20 or 30 may appear distinctly on a single track, they are due to distant 
collisions on protons, and their frequency was analyzed to yield a range—velocity 
curve. Those seen in the emulsion might also be put to the same use (See Fig. 1B). 

13. LIGHT ASSOCIATED PARTICLES 

Cassels, Dainty, and Feather (7), and Allen and Dewan (1) using counter 
methods, Green and Livesey (13), and Tsien, Hoh, Chastel, and Vigneron (20) 
using photographic emulsions, have shown that in about 1% of fissions, a light, 
short range particle is emitted from a region near the center. The angular distri- 
bution suggests a more or less right angle of emission 8, although the mean angle 
is not as near to 90° as the angle of emission of long range associated a@ particles. 

These particles may be emitted at the instant of fission, or else be the result of a 
collision on a proton occurring along the track of a fragment near its origin. The 
following evidence favors the second alternative, in agreement with Marshall (18). 

In our conditions of observation, it seems unlikely that we should have missed 
some 15 proton tracks starting from the origin; on the other hand, of the 30 recoil 
protons seen originating more or less near to the origin, some 15 could well have 
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been said to originate in the “central region’. Such may be the explanation of 
the observations mentioned in the emulsion. As to the experiments of various 
authors by counter methods, they were designed to eliminate hydrogeneous ma- 
terial, and if this was really achieved then we might have to revise our own 
conclusions, and perhaps attribute some of our alleged knock-on protons to 
proton emission by a flying fragment; but then the agreement of our range- 
velocity curve obtained on their basis would have to be explained as a coincidence. 

On the other hand, the average range for these light particles is, after Tsien 
et al., about 6 wu, the average angle of emission is about 75°, and if we assume 
them to be not associated light particles but knock-on protons, then the velocity 
of the colliding fragment is 1.57.10° cm. per sec., which agrees well with the 
initial velocity of L, as well as our own measurements on protons that appear 
some distance from the origin. Again, if we examine and measure Fig. G of Tsien 
et al., where such a light particle is pictured, we find @ = 66°, proton range is 
11.4 uw or 0.86 Mev. or 1.29.10° cm. per sec., hence V = 1.61.10, at an estimated 
distance of 0.5 u from the origin of L. Again the velocity seems a little high, but 
within the limits of accuracy of angular measurements, the point fits nicely on 
our range—velocity curve. 
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ENERGY LOSS OF HIGHLY CHARGED PARTICLES PRODUCED BY 
FISSION AND BY COSMIC RAYS 


SECTION II. PHOTOMETRIC MEASUREMENTS ON FISSION FRAGMENTS' 







By ROGER MATHIEU? AND PIERRE DEMERS? 


ABSTRACT 


A sensitive and accurate photometer is described, which is designed to measure 
directly the light intensity transmitted through very small objects placed under 
the microscope at the highest resolving powers. Tracks of mesons, protons, 
a@ rays, and fission fragments were examined with it, characteristic curves re- 
lating optical density D and ionizing power J were obtained and show the feature, 
unusual for light sensitivity, of two sensitive regions separated by a region of 
very low gamma. The variation of optical density and of width with ionizing 
power is discussed for three types of emulsion. Measurements on fission tracks 
are analyzed to derive a single range ionization relation J = 1.22 + 0.738 R, in 
Mev. and microns, applicable to both heavy and light fragments, in agreement 
with Section I. The controversial literature on this matter is discussed. 



























INTRODUCTION 


In Section I were described observations on fission fragments, some of which 
related to the blackening of the tracks in very small grained emulsions. Here a 
photometer adapted to measurements on such tracks is described and results of 
its use are discussed. 

The transmission coefficient of a substance is ideally measured using a wide 
uniform sample and a wide beam of parallel light, that is, one having a small 
numerical aperture. These conditions are more or less approximated in micro- 
photometers for examining spectral lines on photographic plates. Here however 
the conditions do not permit a small numerical aperture, unless we sacrifice 
definition of the tracks, which are 0.2 to 0.4u in width and induce thereupon 
strong diffraction figures; the objects themselves are not wide and uniform; and 
moreover the light intensity liable to fall on short portions of tracks is very 
small. Such are the difficulties to be envisaged; the two first are theoretical and 
have a bearing on the interpretation of transmission measurements, and the last 

















is instrumental. 

Two methods may be envisaged: either taking a picture of the track and ana- 
lyzing it, or measuring directly the amounts of light which pass through the 
microscope and are found in the plane of the image by a photomultiplier tube. 
For this work we chose the second method, as more liable to give absolute 
values. Then the use of the photomultiplier is rendered much more easy if the 
light to be analyzed is interrupted. In a first installation Demers and Mathieu 
(10) interrupted the light beam between the microscope and the sensitive cell 
by a needle attached to a tuning fork vibrating at about 500 cycles. This was 
possible because the needle would cast its shadow on a slit in the image plane 
before the cell, and, with suitable adjustment, the signal was very steady. The 
amplified current was sent to an oscilloscope, used as a measuring instrument 















1 Manuscript received August 15, 1952. 
2 Present address: Institut du Cancer de l’'Hépital Notre-Dame, Montreal. 
3 Institut de Physique, Université de Montréal, Montreal, Que. 







98 CANADIAN JOURNAL OF PHYSICS. VOL. 31 


much as in the present installation. With it the first absolute measurements of 
transmission through fission tracks were made and showed values as follows. 


In very fine grained emulsion 
Beginning of long track L of fission 44% 
Beginning of short track S of fission 50% 
End of fragment tracks 60% 
a-ray track 70% 
Nia(m, p)Ci4 proton 80% 
In emulsion C. 
a ray 54% 
Proton 75% 
Same, with a stronger development 
a meson 20u from its end 69% 
u meson from the decay of the above, 20u 
from its end 67% 


Width of the tracks, being the distance between points at half reduction of the 
transmission: 0.3 to 0.45y. 

These results were obtained with an image magnification of 1000, and a slit 
0.1 mm. wide and 1 mm. long for fission fragments and slightly longer in the C; 
emulsion. The width varied remarkably little from the darkest to the weakest 
tracks. Illumination was Kohler critical in blue-green filtered light. 


PRESENT INSTRUMENT 


Figs. 1 and 2 show the installation (18, 19). The light beam comes from a 
mercury vapor lamp fed on 60 cycles providing 120 interruptions per second. 


Fic. 1. Over-all diagram of the photometric installation. 1—Mercury vapor lamp; 
2—condenser; 3—field diaphragm; 4—Wratten 77A filter; 5—divergent cylindrical lens to 
widen the light beam, axis parallel to that of 1; 6—microscope plane mirror; 7—aperture dia- 
phragm; 8—condenser; 9—standard x and y movements of the microscope; 10—intermediate 
rotation 6; 1l—z’ and y’, other movements added; 12—plate being examined; 13—objective 
x 90; 14—micrometer to locate spot examined in eyepiece X 12,5 compensated B & L coated; 
15—mirror system; 16—sweeping mechanism, 1.3 diopter lens movable along x direction in 
its plane; 17—screen and slit; 18—photomultiplier; 19—HT supply; 20—electronic voltmeter, 
potentiometer, null circuit; 21—oscilloscope with 22—d-c. potentiometer, controlling x co- 
ordinate; 23—linear a—c. amplifier; 24—Esterline Angus recorder. 
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Fic. 2. Over-all view of the installation; lantern at the left, microscope and photomultiplier 
housing in the center, the rest of the apparatus at the right. 
Fic. 3. Typical pair of tracks measured. One division = 1.14 approximately. 
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A Wratten 77A filter and the spectral response of the photocell ensure that only 
the green line 5600 A is detected. A special rotating stage was used to align 
tracks properly, see Demers (8, p. 649). A half gilt mirror sent the image on to 
the screen where it was 1000 the object and permitted direct examination 
of the field; a second mirror could also be added to avoid the necessity of looking 
from above. A micrometer made of a glass fiber broken in the center was placed 
in the eyepiece to help in locating the point being examined. However indirect 
examination of the image on the screen was perhaps more convenient. The image 
looked rather pale at first but we found it possible to increase its brightness for 
only one observer placed in front of it, by using as a screen the mate side of an 
aluminum foil or a carefully satin-finished plate of aluminum: these surfaces 
diffuse most of the luminous energy falling upon them perpendicularly in a 
narrow backward cone. Slits of various sizes were made out of thin aluminum 
sheets. The image has to be moved across the slit by a movement that we call x. 
This is provided by optical means, through the lateral displacement of a 1.3 
diopter lens placed in the beam between the eyepiece and the screen and mounted 
on an adjustable support. A large displacement of it moves the image only a 
little. The x movements are synchronized with those of the recording paper 
chart by synchronous motors and of the x coordinate of the spot of the oscillo- 
scope by d-c. connections. 

The photomultiplier tube 931A receives the light passing through the slit and 
acts itself as a first amplifying unit of its photoelectric current. It is fed by 
1235 v. d-c. regulated to + 0.05%. The last collecting stage is fed by another d-c. 
supply of 210 v. + 1%. A cathode follower stage follows whose output may be 
opposed to that supplied by a Rubicon potentiometer. The null indicator is 
made of a multivibrator circuit which is triggered as soon as the zero point is 
passed once in one direction. Acting on the a-c. output it measures a peak value. 
The output may also be smoothed before measure, by charging a condenser 
through a rectifying diode. 

The output may be amplified further and fed to the y axis of an oscilloscope. 
Here it may be half rectified by a diode and the resulting wave, combined with 
the RC circuit of the Y deflecting plates, produces a brilliant spot or base line 
whose movements are approximately proportional to the signal applied. The x 
coordinates may be some form of 60 cycles or else through d-c. connections 
reproduce the movements of the track across the slit. 

Finally the output may act on an Esterline Angus recorder after a linear 
amplifier accurate to + 1%. This is used for the final record on a portion of 
track, the electronic voltmeter is used for absolute calibrations, and the cathodic 
oscilloscope serves to adjust the conditions before the final record. The over-all 
accuracy of the Esterline Angus recorder in measuring light intensities is about 
1%, as was verified directly by placing a calibrated neutral wedge in front of 
the entrance slit. 

Other photometers have been described for measurements on larger areas 
under the microscope, by Blau, Rudin, and Lindenbaum (1), by Della-Corte 
and Ramat (6), and by Friesen and Kristiansson (11). These.authors use a slit 
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larger than the track so that only an integrated effect is measured in their case. 
Fiirth and Oliphant (12) have suggested such measurements with a photometer 
of their description. Kayas and Morellet (14), and Ceccarelli and Zorn (4) have 
used long slits to measure the transmission and the width of light and of heavy 
tracks, respectively. 

CONDITIONS OF MEASUREMENTS 

Tracks (Fig. 3) should not be inclined by more than 5°, as a rule, with a slit 
iu long, otherwise they will not be accurately in focus over the whole length of 
the slit. Longer slits would require a lesser slope. Very careful orientation of the 
track to render its image parallel to the slit, and very careful focusing are neces- 
sary to make the best of the possible accuracy. Visual focusing is insufficient; 
the maximum of blackening should be searched finally by watching the spot of 
the oscilloscope while moving the fine adjustment screw. A 0.1 difference in 
focusing makes a significant difference on the transmission measured. 

When the parallelism and the focusing are finally found to be good, the auto- 
matic scanning is put in operation, and the transmission curve is drawn on the 
paper recorder. This may be repeated to somewhat better than 1%. It may be 
noted here that the instantaneous output from the photomultiplier comprises a 
heavy noise level, comparable to the signal to be measured. The importance of 
it is neg ligible in the outcome because of the large time constants introduced 
throughout. It would be impossible on that account to draw the absorption 
curve in 0.01 sec. for instance, not unless far more intense sources were available. 
Presently the curve is drawn in some 50 sec. and, if desired, this time could 
perhaps be cut down to 10 sec. We may speak in this respect of two conjugated 
variables connected by the uncertainty principle, luminous intensity and time; 
time being set at leisure, light intensity may become very well defined. 

The length of the slit to be used depends on the purpose. Slits 0.1 X 0.1? 
have been used to measure very small and pale individual grains in a weak 
proton track transmitting about 60% when measured with a long slit; the single 
grains transmitted (60 + 2)%, and their width of the order of 0.34 could be 
determined within + 10%. 

Measurements done with a slit 1u long at various points along seemingly 
uniform tracks may show a rather considerable dispersion of transmission values 
depending on the statistical character of blackening and on the grain structure. 
With a 5y slit, extreme values were 50% and 90% while grain counting yielded 
extreme values of 7 to 9 grains per 5u along a proton track of residual range 500 
to 700u in a fine-grained emulsion. With a longer slit, say 100u, there would be 
little variation caused by this. 

In fission tracks, short slits have to be used since the blackening to be in- 
vestigated changes rapidly with range, and the averaging will be done over 
several tracks rather than over longer portions of the ranges of each. However 
on such highly ionizing tracks, the blackening suffers lesser statistical fluctuations 
than on proton tracks. 

The optical meaning of these absolute measurements may be looked into. 
Objects looking absolutely black in the field, like a heavy scratch or a thick 
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clump of silver, transmitted 1 to 4%, the average being 3% if the object was 
below the emulsion and 2% if it was above. Illumination of too large a field 
outside that examined brings about a slight increase in the above figure. Thick- 
ness of emulsions reached: 100u at the time of observation. The difference in 
the transmission of an opaque object using a coated, and an uncoated otherwise 
identical 90 X, 1.3 N.A. apochromat, both of Bausch and Lomb, was less than 
1%, so it may be concluded that the coating does not improve the contrast, 
although it-improved transmission by 25%. y 


This background seems to come mostly from light scattered in the optical 
path in the oil, in the objective and above. Weak stray light in the room did not 
matter much until it caused saturation of the photomultiplier, because it is not 
modulated like the one to be measured. This background of 2 or 3% should 
really be subtracted from both J and J» to obtain true transmission and true 
density; however in view of its smallness and of the uncertainty as to the exact 
value to choose, we did not make any correction for it; the correction would 
have to be done if transmissions reached 10% or so, but the lowest transmission 
of a track encountered was 20%. 


The diffraction figure of a bright point or ot a bright narrow line imaged 
through an optical system is a well-known problem of physical optics; however, 
that of a narrow black object has apparently not been investigated. The con- 
tinuous line left by a fission fragment may be assimilated to a narrow black 
line as a first approximation, the variations in transmission would then corres- 
pond with variations in the width of that line. Electron microscope observations 
show the developed grains as a mass of entangled silver ribbons, so the black 
line should be replaced in a more accurate theory of image formation, by a 
somewhat porous structure extending in three dimensions, with a denser and 
almost continuous core, the individual elements of this structure being much 
smaller than a wave length or 0.54, and even, than the resolving power, 0.22y. 
It must be remembered that the light rays contributing to form the image of 
this structure cross it at nearly all angles on account of the high numerical 
aperture. As long as the structural elements are nowhere too numerous per unit 
volume, we may expect the integral {D dx extended over the whole domain of 
the track’s image, where D is the optical density logio/o/J = — logio7, to give 
a measure of the number of these elements per unit length of the track. Assuming 
similarly shaped absorption curves when D and x are plotted, for various portions 
of tracks, this integral is proportional to Dax W’, Dmax being the central 
maximum of density and W’, the width at half reduction of density. 


RESULTS 


A slit on the screen of dimensions equivalent to a 1u length and a 0.1y width 
of the object was used. Transmission curves were drawn at various contiguous 
points along fission tracks with marked origins, obtained in a very fine grained 
emulsion as described in Section I (9). Seven pairs of tracks were selected that 
showed few nuclear collisions near the origin, to render the photometric measure- 
ments easier. The absorption curves may be read to give minimum transmission, 
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maximum density, and width at half reduction of transmission; these will be 
called simply T, D, and W, respectively. 

The single values of T found for the seven pairs of long L and S associated 
tracks are shown as a function of distance from the origin in Fig. 4. In 43 cases 


Fic. 4. Transmission T vs. distance from origin, along 7 individual pairs for light L and 
short S tracks numbered 1 to 7. 


out of 44, transmission at equal distances is greater for S. The best straight line 
is drawn through each series of points, and the S curve is always above the 
corresponding L curve of the same pair although some S curves are partly below 
the L curve of another pair. Extrapolated transmissions at the origin make up 
two groups: S from 42 to 24%, L from 30 to 18%. 

The average density at a given distance is shown in Fig. 5 as a function of this 
distance for the S and the L tracks, giving an initial density of 0.67 and 0.56 


Oy 


Fic. 5. Average values optical density D vs. distance from the origin for L and S tracks. 
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for L and S respectively, or transmissions of 22 and 32%. The series of points 
are well fitted by parallel straight lines. The difference of their intercepts on 
the distance axis is 4.0u. If the density were the same function of residual range 
for both groups of fragments, we would expect the difference to be 3.174, equal 
to that of the ranges as found in Section I. The ‘“‘extrapolated ranges,’’ defined 
as the points where D = 0 along the straight lines drawn, would be 20.3 for S 
and 24.3 for L. 

Average density is also represented as a function of residual range in Fig. 6. 
Here residual range is defined as 14.31 or 11.14, for ZL and S respectively, less 


Fic. 6. Average values D vs. range R, R being the difference 14.31 (for L), 11.14 (for 5S), 
less distance from the origin. 


the distance from the origin. The two series of points agree very well with a 
single straight line 

D = 0.27 + 0.028 R. 
The agreement would be better if the difference of ranges were arranged to be 4u 
instead of 3.17. 

Single width measurements are not so accurate, and only the average values 
found at a given distance in seven pairs of tracks are reported, in Fig. 7. The L 
track is always wider than the S track at a given distance except in one case. The 
points are fitted near the origin by two straight lines that are not parallel, and 
that show widths at the origin of 0.39 for L and 0.34 for S. The small difference 
appears to be well established. 


Fic. 7. Average values of width W vs. distance for L and S tracks. 
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Further analysis of the data is shown in Fig. 8. The number of times each 
value of W has been found for L, irrespective of range, is shown, and the same 
for S. Similar measurements are shown for a series of U,; and U,, a-ray tracks 
in the same plate with a very fine grained emulsion, and the same for several 
short protons from the Ni4(,p)Ci4 reaction also in the same plates. Average 
width is very similar for both, being 0.308 for the protons and 0.310 for the a rays. 
However, both are clearly narrower than the two kinds of fission tracks. 


04 


Oo. Sy 08 04 as 


Fic. 8. Frequency distribution of W found for fission tracks, Z and S, for recoils R, for 
a-ray, for proton, and for meson tracks, in very fine grained (1), fine grained (2), and medium- 
sized grain emulsions (3). 

IONIZATION OF FISSION FRAGMENTS 

If we assume that a single relation holds between optical density D and rate 
of energy loss J, for all particles, and if we consider the relation found between 
D and R, we are led to conclude that a single relation exists between J and R for 
both fission fragments. We will now attempt to find this relation for the emulsion 
from an internal analysis of photometric data. 

In the range difference (called D in Section I) of 3.174, Z must then spend the 
energy difference between the two groups of 33.7 Mev.; so for J = 10.6 Mev. 
per uw, at 1.53 from the origin, or a range of 12.674, D = 0.62. This gives us one 
point of a D vs. I curve. 

Another point, less sure since the averaging is extended over a longer range, 
is given by the average energy expenditure 59 Mev., divided by the range 11.14y, 
or I = 5.3, while the average density is D = 0.425. 
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CHARACTERISTIC CURVES 


Density has also been determined along six a-ray tracks of U; and U,,, where 
it is found to increase slightly toward the end, as follows: 


R (uw) : 2 10 15 20 25 
I (Mev./zu) : 0.320 0.300 0.200 0.178 0.150 
D: 0.167 0.155 0.151 0.135 0.135 


Similarly along protons 6u long, density was 0.07 and rate of energy loss was 
0.09 Mev. per u. At the beginning of a proton 400u long, of 6 Mev., density was 
about 0.03—0.05, and there J = 0.012. 

We will now represent these data on a doubly logarithmic coordinate system 
similar to that proposed by Hurter and Driffield for studying the relationship 
of optical density over a large area—similar to the density of a track D—and of 
the energy of illumination spent per unit area—similar to energy loss per unit 
length J. This system, which is well known in ordinary photography, usually 
yields an S-shaped curve, with a toe at low values of J, starting at the ‘‘inertia 
value” on the J scale; a more or less straight central portion, where the slope is 
called gamma (y); and a levelling off at higher intensities; followed sometimes 
by a reversal or solarization region, where D decreases with increasing J. A 
second reversal has sometimes been observed, where the curve goes up again. 

The curve so obtained (1 in Fig. 9) in the very fine grained emulsion has an 
inertia value of about 0.01 Mev. per y, increases slowly, then nearly levels off in 


Fic. 9. Characteristic curves optical density D vs. rate of energy loss 7: 1—for very fine 
grained emulsion; 2 and 3—alternative curves rejected from analysis presented in the text; 
4—fine grained emulsion; 5—medium-sized grains; 6—width W vs. I for very fine grains, 
7—for fine grains, 8—for medium-sized grains. 


the region of a rays. The maximum gamma encountered so far is 0.28 at J = 0.1. 
Points are lacking in an intermediate region, but as the curve is drawn the slope 
gradually increases and in the fission fragment region, gamma must be of the 
order of 0.8 to 1.2. 
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This may seem a surprising course for a characteristic curve, since such 
curves drawn for optical sensitivity sometimes show a downturn after a flat 
region, but never a marked upturn, in ordinary kinds of emulsions. 


However any continuous curve drawn to fit the several a-ray points can hardly 
have any other general shape. Then further, suppose we take only the average 
of the a-ray points, and the reliable looking point at the extreme right. Then 
the nearly straight dotted line 2 drawn in Fig. 9 would fit well enough the three 
remaining values. From this curve we may derive at each value of D and of R 
along fission tracks the value of J, then plot the J vs. R diagram shown as a 
dotted line in Fig. 10. The energy obtained for the heavy fragment fi dR from 
0 to 11.14 is then about 35 Mev., which is very much at variance from 59 Mev. 
This strongly suggests also that larger values of J should correspond to given D 
values than are found along the dotted curve. 


Fic. 10. Rate of energy loss J vs. range, R, 1 from curve-1 in Fig. 9, curve 2 (rejected) 
one curve 2 in Fig. 9, and energy E vs. range, for fission fragments, derived from photometric 
analysis. 


On the other hand if we take the full curve 1 as drawn, we find by the same 
analysis the series of points represented also on Fig. 10. These fit nicely a straight 
line, and the one drawn has been calculated to agree with the values D = 0.62, 
I = 10.6; and E = 59 Mev., R = 11.14; the linear J vs. R relation implies a 
second order E vs. R relation: 


I = 1.22 + 0.738 R, 
E = 1.22 R + 0.369 R’. 


For R = 14.32, energy is 93.3 according to this formula instead of 92.7, a 0.6% 
deviation. 
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If the characteristic curve is drawn to pass beneath the average point for 
fission fragments, rather than across it, as in 3, Fig. 9, a different linear J vs. R 
relation obtains, leading to too high energies for the heavy fragment ; for instance, 
66 Mev. was found in one trial. 

So the consistency of the results obtained further suggests that the character- 
istic curve follows indeed the course shown, which is also suggested by the hy- 
pothesis that it should be a continuous line when drawn in the coordinate 
system chosen. 

The J vs. R relation obtained here agrees reasonably well with the average 
V vs. R relation obtained in Section I, and with other data. In both cases the 
procedure should be more accurate near the origin than near the end of the 
range, and should not be expected to give more than the general course of the 
relationship. However, some sign of the existence of an ionization maximum 
near the end of the range may be seen in the fact that the extrapolated value of 
I at R = U hasa finite value. The existence of this maximum is known from the 
observation of single tracks, which show a maximum of blackening in the last 
micron of range. However the curve as drawn is intended to bring out the 
features near the origin and not near the end, and ionization at range zero is an 


average value. 
OTHER CHARACTERISTIC CURVES 
In two other emulsions, one with medium and the other with small sized 
grains, similar photoelectric measurements were carried out along tracks of 
mesons, of protons, and of a rays. At various points along their range the density 


was read as follows: 


40 
0.132 
D (small grains) : 0.374 
D (medium size) : 0.478 


Protons 
KR: 100 200 300 400 600 
7 0.023 0.0165 0.0137 0.012 0.0 
D (small grains) 0.27 0.215 0.185 0.167 0. 
D (medium size) : 0.38 0.32 0.27 0.23 0. 


1000 _—-1800 
1 0.008 0.0062 
5 2 


1 poets 
20 0.175 0.15 


wu Mesons 


: 40 200 500 1100 

; 0.014 0.0059 0.0041 0.0029 
(small grains) : 0.12 0.035 ae = 
(medium size) : — 0.205 0.176 0.124 


R 
I 

D 
D 


The corresponding characteristic curves are also shown on Fig. 9. If we 
compare the curves for the three grain sizes, we notice that larger grains, in the 
emulsions used, correspond with a lower inertia, and a greater density for a 
given ionization. The curves at higher ionizations cannot be compared accurately 
for lack of tracks of known ionization. However, recoil tracks due to cosmic rays 
have been examined in the fine-grained emulsion. In these recoils, ionization is 
probably 1 to 3 Mev. per y, while the densities found range from 0.4 to 0.7. 
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These data are shown in Fig. 9 with the corresponding uncertainty, and they 
are enough to show the beginning of an upturn similar to that observed with 
the very fine grained emulsion. 

Nothing of the kind seems to happen with medium-sized grains, recoils are 
not markedly blacker than a tracks and are often difficult to distinguish from 
them. 

The peculiar shape of the characteristic curve just described calls for some 
comments. In applying to the same wide range of ionization as considered here 
his quantitative theory of grain density, Demers (7) concluded that the ex- 
perimental data could not fit one formula with a single set of the two adjustable 
parameters. These had to be chosen for each domain of ionizations; higher 
ionizations J seem to bring in a reaction from less sensitive grains, having a 
larger inertia parameter “‘J’’. 

A similar reasoning might be applied to the relation between optical density 
D, and I. Sensitive grains are affected by a small energy expenditure; ‘there exist 
few grains of medium sensitivity so that medium energy expenditures do not 
affect many more grains; then numerous grains of small sensitivity are affected 
by great energy losses. It would be interesting to know whether this behavior has 
a parallel in the light sensitivity curves of certain specially mixed emulsions, no 
such behavior being mentioned by Mees (20), nor by Clerc (5). 

This first explanation seems formally satisfactory. However it may very well 
be complemented by a second one. The onset of the second rising portion of 
the curve is accompanied by the appearance of solid tracks, and it seems most 
reasonable to connect both phenomena. It seems then that the grains surround- 
ing the ones that have received a strong impression are developed without 
having themselves an impression from the passing particle. This process is known 
in ordinary photography and is called development by infection. Development 
of a grain proceeds by the transformation of a silver bromide crystal into a silver 
ribbon. This silver ribbon may, under favorable circumstances, pierce the 
surrounding gelatine envelope of the original grain, and come in contact with a 
neighboring silver bromide grain, which will then start to develop. It remains 
to be understood why the conditions favor infection development more when 
the impression has been strong that when it has been weak, since it is believed 
that all developed grains are alike. 

With the medium-sized grains, development by infection would probably 
occur only through prolonged development inducing severe fog. Another circum- 
stance may favor infection development with the smaller grains. It is known 
from certain electron microscope pictures of Hall and Schoen (13) that in 
Lippmann emulsions, with a grain only a little smaller than those we are dealing 
with, the developed ribbon of silver extends through the gelatine in a nearly 
straight line, and its length is many times the diameter of the original silver 
bromide grain. This tendency of the silver ribbon to penetrate the gelatine may 
also exist in the two finer grained emulsions, where the silver bromide con- 
centration is 81 to 85% instead of 30 to 40% as in the more dilute Lippmann 
emulsions. 
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WIDTH OF THE TRACKS 


Width W has been plotted against ionizing power J in Fig. 9 for the very fine 
grained emulsion. It remains practically constant until the fission region is 
reached. The increase would be insignificant if widths W’ at half reduction of 
density were measured instead of widths W at half reduction of intensity, that is, 
all tracks show in this emulsion very nearly the same shape for the absorption 
curve if D/Dmax is plotted against coordinate x. 

Figs. 8 and 9 also show features of W in two other kinds of emulsions. 


CONCLUSIONS ON THE IONIZATION OF FISSION FRAGMENTS 


Visual observations of Section I have shown that the average light fragment 
L leaves a more opaque track than the average S fragment. Our photometric 
measurements on seven pairs display the same difference for each pair, and allow 
us to present a single range ionization relation valid for both groups of fragments. 
The initial ionization deduced is 9.4 and 11.6 Mev. per uw for S and for L re- 
spectively, equivalent to 53.3 and 65.8 Mev. per cm. of air, if 1764 is taken for 
the stopping power. 

The ionization curve of fission fragments has been discussed by Bohr (2), who 
expected a positive difference J, — Js near the origin, as we find here. Lamb (16), 
and Knipp and Teller (15) expected theoretically a negative difference. 

The measurements of West (22) and the long series of measurements of Lassen 
(17) lead to the conclusion that the said difference is negative; these were done 
with an ionization chamber using pulse analysis. Lassen derived complete range 
ionization curves, which showed a remarkable course. The two curves are 
practically parallel at small ranges, if drawn with distance as the abscissa. At 
about 0.6 cm. from the origin, however, the S curve increases in slope and crosses 
the Z curve to show a higher value of ionization at the origin. These conclusions 
seem to be adopted by Bohr (3). 

On the other hand, Sherr and Peterson (21), by a time analysis of the im- 
pulse current collected from an ionization chamber where the fission fragments 
spend their whole energy, were able to show that there exists a single range 
ionization curve fitting both groups S and L, in agreement with our results. 

It would be interesting to understand the source of the disagreement of the 
results of West, and of Lassen. It may be said that the operation of an ionization 
chamber is a complicated one, and that problems like those of ion collection may 
arise. Our method is very straightforward in comparison. A possible reversal of 
the D vs. J relation has been ruled out in Section I, and it would be very strange 
if the D vs. I relation would depend on the nature of the particle. There remains 
the possibility that gases would behave one way, and condensed matter like 
the emulsion the other way. We might then expect a marked variation in the 
D/T ratio of ranges which would be smaller in the gases than in the emulsion. 
Such ratios are listed in Table II, Section I (9). The best value for a gas is that 
obtained in air, and this is very nearly the same as in the emulsion. Other ratios 
in gases are in general smaller, being 0.09 to 0.10 on the average instead of 
0.129. 
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ON THE CHARACTERISTIC TEMPERATURES OF SINGLE 
CRYSTALS AND THE DISPERSION OF THE 
“DEBYE HEAT WAVES” 


By E. J. Post? 


ABSTRACT 


A procedure for the calculation of the number of normal modes of a single 
crystal is proposed which takes an intermediate position between the methods 
of Debye and Born—von Karman. The method of Debye is extended to an aniso- 
tropic continuum, where the cutoff and dispersion phenomena, which are due to 
the lattice structure, are accounted for in a semiempirical way. It appears possible 
to define a finite number of characteristic temperatures (one for cubic crystals 
and at most three for crystals of low symmetry) independent of direction. This 
ensures a comparatively simple calculation from the phenomenological elastic 
constants of the crystal, as such retaining one of the pleasing features of Debye’s 
theory, i.e., a straightforward correlation between thermal and elastic data. 

The method is applied to eight cubic monatomic crystals for which elastic data 
are available. The results provide some additional evidence to emphasize the 
significance of the dispersion of the Debye heat waves. 

An application to the hexagonal crystals of cadmium and zinc leads to results 
similar to those obtained by Griineisen and Goens who produced with these 
crystals the first experimental evidence of the dispersion phenomenon using the 
concept of a characteristic temperature dependent on direction. 

In the last section the correlation between the elastic constants of single crystals 
and the corresponding quasi-isotropic materials is discussed and illustrated with 
data found in the literature. It is shown that the polycrystalline state is more 
“elastic’”’ (sometimes very considerably) than the single crystal state. The conse- 
quences of this ‘‘boundary layer elasticity’’ for the calculation of 8 values are 
discussed. 


INTRODUCTION 


While this paper is concerned purely with a seminovel theoretical approach, it 
should be mentioned that Kelly and MacDonald have concurrently been analyz- 
ing the equally important problem of the reliable and consistent determination 
of a significant 6 value from experimental data, both calorimetric and electrical 
(8). The experimental data used in the present paper have simply been abstracted 
from published texts. 

When introducing his theory of specific heat, Debye himself pointed out that 
it was quite surprising that his simplified procedure for the calculation of charac- 
teristic temperatures of crystals, using elastic data of the polycrystalline quasi- 
isotropic material, checked very reasonably with the experimental data obtained 
by means of specific heat curve-fitting procedures. 

The calculation of the number of normal modes as carried out by Debye was 
based on a very simple picture of the solid as an essentially isotropic continuum. 
Born and von Karman at about the same time made an attack on the same 
problem. For the calculation of the number of normal modes, these authors very 
rigorously took into account the anisotropic as well as the discrete nature of the 
crystal. However, the interesting and very suggestive correlation between elastic 

1 Manuscript received August 5, 1952. 
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and thermal data which was one of the very pleasing features of the Debye theory 
appeared to be very difficult in their theory because of a lack of detailed knowledge 
about the lattice forces. 

Though Forsterling (4) and Griineisen (5), in a rather cumbersome compromise 
on the Born-von Karman theory, used the phenomenological elastic data of 
single crystals, it is perhaps surprising that a more direct approach according to 
the phenomenological theory of crystal physics has never been made. This ap- 
proach would take an intermediate position between the Debye and Born-von 
Karman theories in accounting for the anisotropy of the medium in an exact way, 
whereas the requirements due to the discreteness of the medium will be met in a 
semiempirical way. 

In the next section it will be shown that a “‘diffuse’’ system of waves in an aniso- 
tropic elastic continuum can be replaced by a system of similar waves in an 
imaginary isotropic medium having at most three discrete propagation velocities. 
The three “‘diffuse’’ velocities yield three characteristic temperatures, if a common 
cutoff wave length is introduced. 

The dispersion phenomenon, which is a consequence of the lattice structure, 
will be accounted for by multiplying the characteristic temperatures, which are 
computed on the basis of a continuum theory, by a coefficient 2/2. This procedure 
was suggested by E. Schrédinger (13) who showed that a special dispersion 
pattern can be perfectly compatible with the concept of a single characteristic 
temperature. The dispersion coefficient a = 2/r should be regarded as repre- 
sentative for the right order of magnitude. The third section gives some experi- 
mental material that provides further systematic support for this point of view. 


DEFINITION OF CHARACTERISTIC TEMPERATURE FOR ANISOTROPIC MEDIA 


The three simultaneous wave equations for elastic waves in a uniform aniso- 
tropic body are (see 12, p. 171, equation 7.17) 
o 
| a, = ax! 
he aes, # ae D2 3 


in which the bitensor density of elasticity c**’ has the following symmetry proper- 
ties (which are independent of the symmetry of the medium) 


[1] co" 3,0,u, = pii* 


(2]* ct = ow _ c* — em 


p is the mass density, and u* and u, are components of the displacement vector. 
A rectangular co-ordinate system will be assumed so that the co- and contra- 
variant or mixed components of quantities are equal (e.g. u*= u, or c**7= c #7), 


Substituting a plane wave solution 


t(wt+-k,2') 
’ 


[3] uN = Px e 
writing k,= |k| , where m, is the unit vector of the wave front and |k| the wave 


*For complete commutability of all indices, the Cauchy relations have to be satisfied. This is, 
however, usually not the case even for monatomic crystals. 
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number, and using w/|R| = ¢ = phase velocity, equation [1] reduces to a set of 
homogeneous algebraic equations linear in the amplitude of displacement p,, 


[4] cH n, eh ws 2 p*. 
Equations [4] define a principal axes problem for the tensor density of valency 
two, 
[5] r*’ = cn, n,. 
The eigenvectors p*, p*, p* and their corresponding eigenvalues c, c, c give the 
& 1 2 3 2 8 8 


direction of polarization and corresponding phase velocity of the three elastic 
waves travelling in the direction m;. Hence I*’, which is itself a quadratic function 
of wave front direction 1 ;, contains the propagation behavior for this direction 7 ;. 

If one wants to study a “diffuse” superposition of plane wave solutions of the 
equations [1], the tensor I’ should be submitted to an appropriate averaging 
procedure. According to [5], I'*’ is obtained by “‘folding’”’ two tensors, c*’ con- 
taining the properties of the material and the tensor m, representing the wave 
field. Hence only the latter is affected by the averaging procedure. If all wave 
front directions are equally probable, 2m, reduces to diagonal form, 


a 
[6] mith bu = 4b SS orm = 4b 
and for a diffuse system of waves we may define a I’ denoted by I’, 
[7] mer wa ent 4 Sis a a," 


Equations [6] and [7] assume equal a priori probability of propagation di- 
rections in the medium. This assumption may be acceptable from a point of view 
of classical (i.e. nonquantized) wave propagation in a continuous medium, but as 
soon as quantum effects, and the discontinuous nature of the lattice, are taken 
into account one may expect deviations in the high frequency region. However, 
if one cavils at this point, one might just as well question the hybrid nature of the 
whole theory of specific heats as an inconsistent mixture of classical and non- 
classical concepts. The assumption just mentioned is simply an additional feature 
of this hybrid nature, a feature that remains unnoticed as long as the body is 
regarded as isotropic. 

The suggested procedure for the computation of characteristic temperatures 
is as follows: Using I’ instead of I*’ in [4] yields a principal axes problem charac- 
teristic of diffuse radiation, 


{8] Pr, =p cp". 
The three eigenvalues c, c, c of [8] are used to define the characteristic 
1 2 8 


temperatures 0, 
r 


c 
ae ™ 
{9] 9=—e\aep)? X=123 


where h, k, and N are the constants of Planck, Boltzmann, and Avogadro and V 
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is the specific volume of a gram atom; the coefficient 2/z is supposed to account 
for the dispersion (13). 


For computational purposes [*" may be expressed in the elastic constants ac- 
cording to the notation of W. Voigt (12, p. 160) 


” = $(en + Ces + Css), = ae = 4 (C16 + Cog + Cas); 
[10] r 3 (Coe + C2 + Cas), a = as = $(cis + Coe + C35), 
EP? = 3 (css + coat Cas), TP? = BP = 3 (ese + cre + cx). 


For cubic crystals the three roots of the secular equation of [8] are identical, 
yielding one characteristic temperature only. For trigonal, hexagonal, and tetra- 
gonal crystals there are two distinct 0, and for orthorhombic, monoclinic, and 

d 


triclinic crystals three distinct 0. 
» 


CORRELATION OF EXPERIMENTAL AND THEORETICAL DATA 
A comparison of experimental and theoretical characteristic temperatures 
computed on the basis of formulae [10], [8], [9] has been made for eight mon- 
atomic cubic crystals: diamond, aluminum, gold, copper, silver, tungsten, sodium, 
and iron. For this type of crystal there is only one characteristic temperature 


(6 = @ = 8). For convenience a table containing elastic and other data for 
1 2 3 


room temperature needed for the calculation is included. 


TABLE I 


“Elastic 
constants 


| i | | | \ 
| (diamond) Al } Au | Cu Ag Ww . Mae. | Fe 


ee ans = eng i eae is een ico ana hae eens 


| 


C11,100° dynes/cm.? | 950 108.24 107 | 186 169 | 120 | 512.6 9.5 233 = 236.9 
Ci2,10! dynes/cm.? | 390 62.16 | 157 | 135 121.5 89.7 205.8 8.0 139.2 140.6 
Cu,10!° dynes/cm.? | 430 28.41 43.6 | 82 74 43.6 152.7 5.9 116.2 116.0 
References (1) | (10)* (11) (14) Tt (11) =| (10)* (14) T  (10)* 
¥ | 3.4119 9.667 10.445 7.1163 10.282 9.835 | 23.68 7.115 
e | 3.52 2.79 | 18.88 8.933 10.492 | 18.70 | 0.9712 7.85 
| | 


*Calculated from S,;, constants. 
tKindly supplied by Dr. G. Bradfield, National Physical Laboratory, Teddington, England. 


The calculated and observed values are collected in Table II. The empirical 
dispersion coefficient a in Table II is defined by the formula 


Oobserved __ 2. Oobserved _ 


af 3N } a mw Ocalculated ; 
k 2%) 
TABLE II 





Cc 


Al Au | Cu 


/ 

oes bis 
| 
| 


Ocalculated 1395 | | 
Oobserved* | 1860 390 | 170 315 215 310 
a, dispersion 

coefficient 0.849 0.742 | 0.670 | 0.666 0.723 


334 | 162 | 301 189 | 286 


0.691 


*(14). For a discussion of experimental values see (7) and (8). 
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Sodium is very close to the special theoretical value 2/7 = 0.637 and diamond 
shows the greatest deviation. 


For hexagonal zinc and cadmium and trigonal mercury one obtains the follow- 
ing table (6 = 0 ¥ 8). 
1 2 3 














TABLE III 
@=0 | @ | 8 8 
1 2 3 | m Observed* 
Zn | 2683 | 1928 | 231.1 | 250 
Cd 177.7 125.8 | 151.8 | 172 
Hg | 73.4 88.5 | 76.0 | 96 








oF 14). Fora discussion of experi: mental values 
see (7) and (8). 


The data needed for the calculation of 6 are found in Table IV. 
r 


TABLE IV 


| Zn(20°C.) | Cd(20°C.) | Hg(— 190°C.) 


| 


_ 








Ci, = Co2,10!° dynes/cm.? 161.0 121.0 36.0 
C3= Cis oy 43.7 44.2 30.3 
Css ‘ | 54.2 51.3 50.5 
Ci a 43.2 48.1 28.9 
Cu= Css = | 40 18.5 12.9 
Coe ° 58.9 | 36.5 3.56 
References (5) (5) (6) 
p 6.920 8.648 14.469 
V 9.448 | 12.998 | 13.865 
| 





8 in Table III is calculated according to the formula 


3 1 1 1 
[11] a -gteota 
m 1 2 3 


in order to have a single theoretical value of 6 that may reasonably be compared 
with those single values of © obtained by fitting experimental specific heat data 
to the 7? law. 

Similar to other theories, introducing more than one theoretical 8 value, the 


thermodynamic functions are obtained by a superposition of the appropriate 
Debye expressions. The difference may be hardly noticeable with a single Debye 
curve, unless for excessive ratios of 6. Therefore, from an experimental point of 


x 
view it seems hard to decide in favor of one of the systems involving multiple 6 
» 


values. Moreover, the theoretical features may be already beyond comparison. 
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Apart from Born’s theory which has a threefold continuum of 6 values and the 
Pn 
present theory which has essentially three © values, which may coincide depend- 
d 


ing on the symmetry properties of the crystal, multiple 6 values have been intro- 
duced even for isotropic solids. Brillouin (2) proposed two © values corresponding 
to different cutoff frequencies of transverse and longitudinal waves and Cornish 
and MacDonald (3) use multiple 6 values that correspond to a frequency wave 
number relationship made up of discontinuous linear portions. The last theory 
in essence deals with rather marked dispersion properties; the present theory on 
the other hand stresses the directional properties of wave propagation, whereas 


the dispersion is accounted for in a simplified way, such that the number of 6 
d 


values is unaffected. 
CONCLUSION 

For the present any correlation between computed and observed characteristic 
temperatures is bound to be affected by the unsatisfactory state of the theory. 
Until now the detailed distribution of the number of vibrational modes as a 
function of frequency has been computed for a few crystals only and the indi- 
vidual results obtained do not suggest the existence of really constant character- 
istic temperatures. Whether the concept of characteristic temperature is just a 
crude but sometimes very useful computational quantity or whether it still has 
some deeper roots in fundamental theory is beyond the scope of this study. 

The material presented shows that there is an alternative way of defining 
characteristic temperatures for crystals along the lines of a hybrid theory. This 
definition has important computational advantages and the results obtained by its 
application appear to support the dispersion hypothesis rather more systematic- 
ally than the results already obtained by Griineisen, Goens, and Hoyer (5, 6). 

One part of the differences between the procedures of computing characteristic 
temperatures is due to the method of averaging propagation velocities, whereas 
another part has a very natural cause, i.e., the elastic moduli of single crystals 
tend to be higher than the moduli for the corresponding isotropic polycrystalline 
material. Apparently the boundary layers between the microcrystals are a source 
of additional elasticity. 

The invariants of the elastic bitensors for the single and the polycrystalline 
states provide the only fair basis of comparison to check this point and Table V 
gives some data which seem to favor this point of view for the invariant that is 
most representative for the properties of wave propagation (see appendix). 


TABLE V 
(In 10'° dynes per cm.?) 


| 


Ab | Aw | ‘Cau | Ag | Fe 
1/3 J; single crystal | 165.1 | 274.2 | 350.0 | 207.2 | 465.4 | 146.8 
1/3 I; polycrystalline | 162.1 259.2 | 285.0 | 204.3 | 437.6 | 105.5 
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The figures for the isotropic material are derived from data of E and k given 
in Landolt-Bérnstein (9). 


Looking at the data for cadmium it is not surprising why this was one of the 
first materials that added evidence to the dispersion phenomenon. Unfortunately 
no consistent data for the contraction modulus k of zinc were available. 


The use of single crystal data eliminates erratic and unpredictable boundary 
layer effects when correlating physical properties of the solid state. Table V 
shows that it is even important to have single crystal data available for scalar 
properties and the specific heat may be no exception. It is not impossible that 
accurate specific heat data on single crystals may help to reduce the concept of 
characteristic temperatures to more tangible proportions. 


It should perhaps be emphasized that the so-called ‘ideal isotropic solid’’s 
beloved of many textbook writers, has no place in the present analysis which 
attempts to deal with real discrete crystals. In particular, it is a specific conse- 
quence of the present theory that a cubic crystal, if we ignore violent dispersion, 
will be characterized thermally by a single characteristic temperature and that 
there is no place for a decomposition of the heat motion into longitudinal and 
transverse waves. It has to be understood, unpleasant as it may be for other solid 
state phenomena like electrical conductivity, that a distinction between longi- 
tudinal and transverse waves is fictitious for a system of diffuse waves in a real 
single crystal. 
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APPENDIX 
The invariants of the elastic bitensor for the general anisotropic case are: 
= mz = 3f°, = (cu + C22 + C33) + 2(css + C55 + Cos), 
I, = ee = (C11 + Coz + C33) + 2(C12 + C13 + C23). 


For the isotropic case expressed in Young’s modulus E and the Poisson contrac- 
tion ratio k or the Lamé constants \ and yu they are: 


a I a ae csi ie aki 
= 3Eq Spa ap 7 3A +4), Fe = py = 3G + 30). 


I,/9 is known as the bulk modulus of the material. 


° . . . ° ' 
I;, which contains dilatational and shear constants (¢11, C44, etc.), is more 
representative for the properties of wave propagation. 
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A STUDY OF WINDS IN THE IONOSPHERE BY RADIO METHODS! 


By JoHn H. CHAPMAN? 


ABSTRACT 


Winds in the ionosphere have been studied by a method described by 
S. N. Mitra using the fading of radio echoes at spaced receivers. A mean daily 
wind variation of nearly semidiurnal period and about 40 meters per second 
amplitude has been observed at a nominal height of 110 km. (Region £). The 
wind variation is consistent with the explanation that it is due to tidal oscillations 
of the atmosphere. A wind variation consistent with that expected from lunar 
atmospheric tides has also been detected at this level. 

The winds in the F region appear to increase in velocity with an increase of 
magnetic activity. A similar effect is not observed in the E region except during 
severe ionospheric disturbances. 


I. INTRODUCTION 


A radio method of measuring winds in the ionosphere described by S. N. Mitra 
(8) has been used over a period of a year. Records of the time variations (fading) 
were made at three receivers, spaced about 100 meters apart at the corners of a 
right-angled triangle. The fading at any two receivers was observed to be similar, 
but displaced in time. This displacement was assumed to be the result of the 
movement of a diffraction pattern across the ground, caused by a corresponding 
horizontal movement of irregularities in the ionosphere (9, 3, 4). Experimental 
observations have supported the assumption that an effect due to winds in the 
ionosphere was measured. 

II. EXPERIMENTAL TECHNIQUES 

The technique developed by Mitra (8) has been used with little variation. A 
conventional pulse transmitter on a frequency between 2 and 6 Mc. was situated 
in the central recording station. Three receiving antennas (tuned loops) were 
placed at the corners of a right-angled triangle (Fig. 1). Preamplifiers at the base 
of each loop fed signals to the receivers via coaxial cable. The echo was selected 
for recording by a gate which brightened the recorder C.R.T. The variation of 
amplitude of the echo with time was recorded on photographic paper which 
moved continuously through the camera at a speed of about one foot per minute 
for four minutes at a time. Fiducial marks were placed on the record by removing 
the brightening pulse at one second intervals. 


The mean time shift between receivers was determined by comparing the 
times of corresponding maxima and minima on the fading records. The possibility 
of obtaining erroneous results by neglect of the random fading as opposed to drift 
fading was minimized by analyzing only those records in which there was a high 


1 Manuscript received July 24, 1952. 

Contribution from the Defence Research Telecommunications Establishment, Radio Physics 
Laboratory, Defence Research Board, Ottawa, Canada. Based on a Ph.D. thesis submitted to McGill 
University, Montreal 2, P.Q. 

2 Holder of a Research Council of Ontario Scholarship 1949-50, and a National Research 
Council Fellowship 1950-51. 
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degree of similarity in fading between receivers (4). The drift velocity was calcu- 
lated_using the formula given by Mitra (8). The measurements in this paper are 
referred to the ionosphere in which the drift velocity is one half that on the 


ground. 
Ant. | 


Ant.2 Ant.3 
Antenna Arrangement 


One Second 
Time Markers 


Double Beam 
C.R.T.s Moving Paper ——> 


Photographic Recorder 


Fic. 1. Receiving antennas and recorder. 


Effects due to interference between the two magnetoionic modes were mini- 
mized by the use of a transmitting antenna which radiated nearly circularly- 
polarized waves in the mode least attenuated at the time of observation. During 
daylight hours, recording was done on a frequency below 3 Mc., when the extra- 
ordinary mode was highly attenuated except near the critical frequency. 


III. WIND MEASUREMENTS 


The program of recording was begun in June, 1950, in Ottawa, and carried on 
after November, 1950, in Montreal. The program in Montreal was terminated 
in June 1951. Observations were made continuously for three days each month 
and occasionally for longer periods. About 500 wind measurements were made, 
roughly equally divided between E and F region observations. 

The histograms showing the wind velocities in the E.and F regions are given 
in Figs. 2 and 3. The mode is about 80 meters per sec. in the case of the E region, 
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Number of Region E 
Observations 


Velocity m/s 


Fic. 2. Histogram of wind velocities in the E region. 


Number of Region F 
Observations 


100 200 


Velocity m/s 


Fic. 3. Histogram of wind velocities in the F region. 
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and 100 meters per sec. in the case of the F. This does not necessarily represent 
a real difference in the mean wind velocities, since the E region observations are 
almost entirely restricted to daylight hours. 

In Fig. 4 are shown measurements of the wind components from region E for a 
typical day. The abscissa shows local time of observation, the ordinate the wind 


Velocity 


i 
Local Time 


Fic. 4. Wind components, region Z, March 21, 1951. 


component towards the north or towards the east. A subjective weight is indi- 
cated by the size of dot; the large dot representing a more reliable measurement. 
Such factors as speed and depth of fading, consistency of time shift, and presence 
of interference affect the relative reliability. The scatter diagram in Fig. 5 shows 
the wind components for ali the observations on region E echoes plotted as a 
function of time of observation. 
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° 
Local Time 


Fic. 5. Scatter diagram of wind components, region E. 


The solid line in Fig. 5 was obtained by drawing a smooth curve through the 
points representing the mean hourly wind components, as shown in Fig. 6. These 
curves represent a mean daily variation of the wind in region E, and can be 
recognized in the observations of Fig. 4 for a specific day. The amplitude of the 
variation is about 40 meters per sec. and is of predominantly 12 hr. period. A 
periodic variation of 24 hr. period is probably present but cannot be identified 
because the information is not complete for 24 hr. 


No regular diurnal variation has been detected so far in the F region wind 
measurements. It is uncertain whether this is due to insufficient observations or a 
real absence of diurnal variations. 
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Velocity 


12 
Local Time 


“1G. 6. Hourly averages of wind components, region E. 


1V. PERIODIC WIND VARIATIONS 


(1) Statistical Tests—Solar 

The data of Figs. 5 and 6 have been subjected to statistical tests to determine 
the significance of the periodic variations. The methods of analysis of variance 
due to Fisher (6) and of the harmonic dial due to Bartels (2) have been applied 
to the data. The use of these methods has been described by Appleton and 
Weekes (1) in connection with the study of the lunar periodic variation of height 
of the E layer. The variance of the observations about the hourly means was so 
much less than the variance of the hourly means about the general mean that the 
probability that the difference could have occurred by chance was less than 107°. 
The semidiurnal harmonics of the wind components could have occurred by 
chance in the data less than once in 10‘times. The harmonic dial test indicated a 
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probable error of about half the amplitude of the mean wind harmonic (see Ap- 
pendix). These tests were applied to the wind components separately, and indi- 
cated that significant semidiurnal variations were present. The semidiurnal 
harmonic components were: 

[1] Northward wind (m./sec.) 34 sin (2¢ — 10°), 

[2] Eastward wind (m./sec.) 23 sin (2t — 87°) 

where ¢ is the local solar hour angle. 


(11) Statistical Tests—Lunar 

The data were also related to lunar time, and the same procedure applied to 
determine whether there was a lunar effect present. The solar effect was removed 
first by subtracting from the wind components for each observation the relevant 
solar wind components at that time, as determined from Fig. 6. 


The mean values of the wind components for each lunar hour were then com- 
puted, and the statistical tests applied. An effect dependent upon lunar, time was 
present; the probability of obtaining by chance the difference in variance of the 
observations about the hourly means compared to that of the hourly means about 
the general mean lay between 1% and 5%. The probability of obtaining the 
calculated semidiurnal components by chance from the data was less than 10~‘. 
A further test indicated that other harmonics were below the level of significance. 
The harmonic dial test showed a probable error again about one half the ampli- 
tude of the mean semidiurnal wind harmonic. 

The data of Fig. 7 have been referred to 12 lunar hours to increase the relia- 
bility of the hourly means. This step was justified since statistical tests show that 
harmonics other than the 12 hr. harmonic were insignificant. The semidiurnal 
harmonics of the wind components calculated from this data were: 


[3] Northward wind (m./sec.) 24 sin (27 + 3°), 
[4] Eastward wind (m./sec.) 21 sin (27 — 106°) 
where 7 is the local lunar hour angle. 


(111) Winds from Semidiurnal Pressure Variations 

Two significant features of each pair of wind harmonics solar and lunar are 
evident. The amplitudes of the wind components towards the north and towards 
the east are of comparable magnitude, and the northward wind is approximately 
in phase quadrature leading the eastward wind. 

The horizontal air motions to be expected from a periodic pressure variation 
can be calculated (7, 11). The northward and eastward components of air velocity 
(at 45°N. latitude) are comparable in amplitude and in phase quadrature with 
the northward component leading. These conditions are met within the limits of 
experimental error for both the solar and lunar wind components. The obser- 
vations are consistent with the postulate that tidal oscillations of the earth’s 
atmosphere, both solar and lunar, are at least partially responsible for the winds 
in the £ region. Conversely, these observations support the view that this aspect 
of fading of radio echoes has been correctly interpreted. These observations have 


since been confirmed by Phillips (10). 
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Fic. 7. Hourly means of wind components and lunar semidiurnal harmonics 


V. WINDS AND IONOSPHERIC STORMS 

A\ positive correlation between wind velocity and ionospheric disturbance has 
been observed, the velocity increasing during storm periods. The A-index of 
magnetic activity has been used as a continuous measure of ionospheric stormi- 
ness because of the absence of an alternative index based on ionospheric data. 
he K-indices from the Dominion Observatory station at Agincourt, Canada, 
have been employed. 

lhe result of plotting the mean wind velocity against the A-index at the time 
ot observation is shown in Fig. 8 for region #, and in Fig. 9 for region F. The 
standard deviation of the mean is shown by horizontal bars. Both axes are loga- 
rithmic, and the range of variation of the magnetic elements, in gammas, is 
shown on the ordinate axes along with the A-index. 


The graph of Fig. 8 for region £ shows that the mean wind velocity is sensibly 
independent of K-index until A exceeds four. This probably accounts for the 
success in the search for winds due to tidal pressure oscillations in the F laver. 
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Fic. 8. Mean wind velocity against K-index, region E. 


When the K-index was five or greater, higher absorption commonly made echoes 
too weak for recording. Occasionally echoes from sporadic E were obtained and 
recorded. Winds from these records almost invariably indicated a very high drift 
velocity. Only nine observations were obtained during disturbed conditions. 
Hence the mean wind velocities calculated for the higher K values are relatively 
unreliable, though the data indicate a rapid increase of velocity during very dis 
turbed times. These nine observations were omitted from the calculations of the 
periodic variations of the winds. 

On the other hand, Fig. 9 for the F region shows that the mean wind velocity 
increases regularly with an increase of K-index. The coefficient of correlation is 
0.4, a significant correlation for the data tested. This is interpreted as showing 
that cause of winds in the F region is related to the cause of ionospheric dis- 


turbances, and that tidal effects, if present, are masked. 
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Fic. 9. Mean wind velocity against K-index, region F. 


VI. CONCLUSIONS 


The result of this study indicates that variations in the drift of the diffraction 


pattern on the ground from a radio wave in the ionosphere are consistent with 
the assumption of a drifting ionosphere. This conclusion is based on the detection 
of semidiurnal wind variations of about 25 meters per sec. amplitude which are 
expected from solar and lunar pressure oscillations in the E region. The mean 
wind velocity in the £ region is independent of magnetic activity and ionospheric 
disturbance at least until the K-index exceeds four. 


The tidal variations have not yet been detected in the F region, perhaps be- 
cause of lack of sufficient data. As a consequence, the confirmation of the in- 
terpretation of fading as due to drift in the ionosphere has not been obtained for 
the F region. If the data do refer to winds at this level, it has been shown that the 
mean wind velocity increases with an increase of magnetic activity. 
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‘The measurements described have been referred to one of the main ionospheric 
layers, E or F. The method of measurement has not indicated the height at which 
a wind is purported to have been measured, and the method is at present in- 
capable of yielding this information. The level must however be below the level 
of reflection. 
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APPENDIX 










Methods of Statistical Analysts 

The methods which follow have been described by Fisher (6). The final calcu- 
lations of variance for the solar and lunar variations are shown in Table I where 
the symbols have the same meaning as Fisher’s. 







TABLE I 
CALCULATIONS OF VARIANCE 







| 
| 
Solar components Lunar components 











| Northward | Eastward | Northward | Eastward 


Variance at each hour 3056 3332 2753 2809 





























Variance of Yp from % 13,879 12,366 5879 5909 
= for difference between variances 757 .656 .380 .372 
0.1% value of = 41 541 

5% value of z .299 .299 


The probability of obtaining a value of z by chance 0.1% or 5% of the time is 
determined from Fisher’s Table V for the appropriate value of m (6). Comparison 
shows that the hourly means are removed from the general mean by such an 
amount as could have occurred by chance in less than 0.1% of the time in the 
solar case, and less than 5% in the lunar case. Since Fisher arbitrarily assumes 
that the 5% figure represents a significant difference in variance, both sets of 
data show a significant effect dependent upon the time of observation. 


The coefficient of correlation r of the data with the Fourier harmonic can be 
determined from a formula given by Chapman and Bartels (5). The probability 
of obtaining this coefficient can be determined from the value of the z transfor- 
mation and its standard deviation o, as shown in Table II. | 
The probability of obtaining by chance a value of the ratio of z to its standard 
deviation of 3.74 is 1 in 10,000, and the ratios shown all exceed this figure. It is 
concluded that the periodic variations in all the data are significant. 
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TABLE II 
CALCULATIONS OF CORRELATION COEFFICIENT 


I Serthens ard 


| Eastward Northward | Eastward 


“ts Solar oe | Lunar components 


420 268 | 318 |  .275 
z/a | 5.90 3.81 |} 4.44 | 3.84 
| | 


| 
{— 
397 | 959 309 | = .268 


The harmonic dial test has been described by Bartels (2). The co-ordinates of 
the mean amplitude vector are Xo and Yo. The probable error circle has a radius 
R such that half the points observed fall inside the probable error circle and half 
outside. The results are shown in Table III. 


TABLE III 
CALCULATIONS FOR HARMONIC DIALS 


| 

| Solar components, Lunar components, 

| m./sec. m./sec. 

| Northward | Eastward | Northward | Eastward 

920 | — 38 

— 13.5 + 19.5 
3:7 11.6 
25.8 


V Xe+ Ye 





The radius R of the probable error circle is about half the mean amplitude 
vector, indicating that the harmonics are significant and persist over the period 


of observation. 
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THE PREPARATION OF SINGLE CRYSTALS AND BICRYSTALS BY 
THE CONTROLLED SOLIDIFICATION OF MOLTEN METALS! 


By BrucE CHALMERS 


ABSTRACT 


An account is given of the methods that have been developed for the production 
of single crystals and bicrystals of a wide variety of metals by controlled freezing 
of the molten metal in a horizontal ‘‘boat’’. Orientations are controlled by a 
“seeding” technique. A detailed qualitative analysis is given of the factors 
associated with the presence of “‘stray’”’ crystals. Their formation is discussed 
in terms of nucleation and in terms of their subsequent survival, and attention 
is drawn to the significance of purity, of speed of growth. and of the temperature 
gradient in the liquid. 


1. INTRODUCTION 


Systematic study of the fundamental properties of metals, such as elasticity, 
plastic deformation, and electrical resistance, has been greatly accelerated by 
the use of metallic specimens consisting of one crystal or grain only; similarly 
the study of the properties, behavior, and effects of the boundaries between 
crystals has been facilitated by the availability of specimens consisting of two 
crystals with their mutual boundary. Such researches are even more fruitful if the 
specimens are crystals in which the crystallographic orientations are determined 
by the experimenter and not by chance. The purpose of this paper is to describe 
and to discuss a technique that is being applied to a wide variety of metals, 
namely nickel, copper, gold, silver, aluminum, zinc, lead, tin, indium, and to 
certain alloys by the author’s co-workers, to whom he is indebted for a great 
deal of detailed information. 


2. THE TECHNIQUE 


(a) General 

The method under discussion, which has been described previously in relation 
to certain particular examples (2), is to allow the metal to freeze so that it takes 
up the crystallographic orientation of the ‘‘seed’’, which is a previously prepared 
crystal of known orientation. The initial “‘seed”’ is prepared by melting the metal 
in a ‘‘boat” of the kind illustrated in Fig. 1. The boat is usually made of graphite, 


Fic. 1. Boat used for single crystals. 


although alundum has been used for nickel (4). The method of heating depends 

on the metal that is being used, and on whether it is necessary to provide a con- 

trolled atmosphere in order to avoid excessive oxidation. Table I shows the boat 
1 Manuscript received August 7, 1952. 


Contribution from Department of Metallurgical Engineering, University of Toronto, 
Toronto, Ont. 
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material, type of furnace, and atmosphere that have been found to be satis- 
factory. 

































Y 
TABLE I 
Metal Boat | Furnace Atmosphere Speed, 
mm./min. 
Indium Crore Tubular wire wound | Air 10 
a Graphite “ “ ‘ | as 
Tin {Phaker of Paris | Air 1-25 
Lead Graphite 8 s : Air 1-20 
Zinc = = " “i Air, Ne 5 
Al | a ” = | Ne, argon | 10 
Silver | si: | " * - | Air, Ne 1-10 
Gold | | . 4 “| Air, Ne | 1-10 
Copper | * H.F. (indirect) No, vac., argon} 5 
Nickel | Alundum | Graphite resistor | Argon 2 
: Provision must be made for the molten metal to cool first at the pointed end, 
; and for cooling to be progressive along the length of the specimen. 
, For this purpose, a temperature gradient is required; this may be provided by 





heating at or near one end of the boat and either cooling the other end or allowing 
it to cool by convection and radiation. The significance of the temperature 
gradient is discussed below. Movement of the interface between solid and liquid 
can be produced either by moving the furnace or by reducing the heating current; 
both methods have been used. 


(6) The Initial Seed 

In order to produce the initial seed for a given metal, it is often desirable to 
cause freezing to initiate at a single point. For this purpose, a “heat wick’’ (4) 
may be used. This consists of a water cooled copper tube to the end of which is 
attached a small silica or graphite tip. This is placed in contact with the end of 
the molten metal in the boat and greatly increases the probability of obtaining 
a single crystal. When a single crystal has been obtained, its orientation is de- 
termined, generally by taking a Laue Back Reflection X-ray photograph (using 
a tungsten target and 3 cm. specimen film distance) and plotting the points as a 
stereographic projection. This is facilitated by the use of a Greninger net (5) for 
measuring the positions of the spots on the film. 






















(c) Seeding Technique 
The single crystal so obtained can now be used as a “seed’’ for the production 
of more single crystals; it is inserted in a suitable boat, the rest of the boat being 


Xe oe 


Fic. 2. Seeding technique. 






filled with the liquid metal (Fig. 2); temperatures are adjusted so that part of 
the “‘seed”’ is melted, and then the liquid is allowed to freeze progressively from 
the seed; the new crystalline material will have the same orientation as the seed 
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unless new crystals have been nucleated..The conditions governing the nucleation 
of new crystals are discussed below. In some cases, it is necessary to rupture the 
oxide film which may separate the seed from the molten metal; this is important 
as failure to do so can either cause the seed to be inoperative (if none of the seed 
is melted and the film persists) or it can lead to melting of the whole of the seed 
by the following sequence of events. The molten metal is heated from the hot 
end of the boat, and the temperature distribution will normally be as shown in 
Fig. 3a, where X is the distance from the cold end of the boat, and J is the position 
of the solid—liquid interface. If the oxide film exists, the temperature distribution 
will instead be of the shape shown in Fig. 30; if the thermally resistant film now 
breaks down, which tends to happen at higher temperatures, a considerable 
length of the seed will be melted very rapidly. If the seed is short, it may be 
lost completely. 









TEMPERATURE 
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TEMPERATURE 









a ee 






Fic. 3. Effect of thermal barrier at the interface: (a) no discontinuity, (b) oxide film. 


This can be avoided in several ways. The seed may be welded on to the metal 
in the boat before it is melted; a local source of heat can be used. A second 
method is to apply extra heat (by means of a small flame) to the region con- 
cerned while melting is taking place. The third method is to remove the film by 
mechanical scraping, for which a glass fiber can often be used. It is usually only 
necessary to remove the film in one small region for the desired result to be 
achieved. 


(d) Control of Orientattun 


In general, the orientation of the single crystal first obtained will not be that 
which is finally required; however, the adjustment of orientation is easily 
achieved by inserting the seed into the boat at the appropriate angle. The seed 
may be inclined to the axis of the boat in either a vertical or a horizontal plane 
(Fig. 4a and b respectively). Movable barriers of graphite, or other boat material, 
may be used to confine the liquid metal to the required region of the boat. It is 
found that the maximum change of orientation that can be safely attempted in 
one stage is about 20°; several successive stages can, however, be used to provide 
any required change. While any orientation can be obtained by these methods, 
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it is found that some orientations have a much higher probability of failure by 
the nucleation of stray crystals than others; this is discussed in Section 3 below. 


a ELEVATION 


QP 
<OT TTDI LIZA OND LZ 


b PLAN 


Fic. 4. Seeding with change of orientation. 


(e) Speed of Growth 

For some purposes, it is desirable to know the speed of advance of the solid- 
liquid interface — i.e., the speed of freezing. This can be achieved readily by 
slightly disturbing the liquid metal-at regular intervals of, for example, one 
minute. Each time this is done, a ripple runs along the surface of the liquid and 
a slight ridge is formed where the ripple reaches the solid—liquid interface; the 
distance between neighboring ripples gives the speed of growth. It should be 
pointed out that, when a moving furnace is used, the speed of advance of the 
interface does not necessarily equal the speed of movement of the furnace; 
because the distance from the interface J (Fig. 5) from the end F of the furnace 
depends on the heat transfer from the furnace to the boat and the liquid metal 
and on the heat loss by boat and metal to the left of J. 


F 


Fic. 5. Relative positions of boat, interface, and furnace. 


BOAT 


These two quantities of heat depend upon the position of the furnace in 
relation to the ends of the boat. Column 5 of Table | gives an indication of the 
speeds of growth that have been found to be satisfactory under the conditions 
used. The cross section of the specimen has usually been: width 1-3 cm., depth 
0.3-1.0 cm., length of boat 15-30 cm., thickness of boat (when of graphite) 
2-5 mm. 

(f) Condition of the Surface 


For some experimental purposes, the condition of the surface is important; in 
two major respects the surface may depend on the technique that is used. The 
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chemistry of the surface may depend on the substance in contact with which 
the metal is allowed to solidify, and it may also depend on the length of time 
that the metal has been exposed to that atmosphere. Secondly, the geometry 
of the surface will depend on the geometry of the boat, on the extent to which 
the free surface is affected by vibration, and on the effect of surface tension. 


It is obviously necessary to use a boat material or lining that does not react 
with the metal that is being used; it is also necessary to use a vacuum or an 
atmosphere that does not react too rapidly with the metal. The use of air for 
the metals of lower melting points is possible from this point of view since the 
rate of oxidation is fairly low and, if the boat is accessible, the oxide can be 
skimmed off periodically. For the metals that oxidize too rapidly at temperatures 
a little above their melting points, it is necessary to enclose the boat in a space 
in which the desired atmosphere can be maintained; this may be done either by 
means of a tube which is inside the furnace, or a furnace inside a larger space. 
Both methods have been used. The main disadvantage in the use of a vacuum is 
the high rate of evaporation of some metals in a vacuum just above their melting 
point. This can result in excessive loss of material and in the build-up of the 
metal on all cool surfaces in the vacuum chamber. 

If a smooth surface is required, it is necessary to mount the apparatus so that 
external vibrations do not cause disturbances of the surface of the liquid metal; 
a very convenient way of achieving this is for the boat to be supported on a 
platform that is suspended by strings attached to the ceiling; attachment is 
made by means of a vertical string at each corner, and oblique strings joining 
each lower corner to the two neighboring upper corners. 





Fic. 6. Bicrystal technique. 


(g) Bicrystals 

The techniques discussed above were developed largely to produce specimens 
consisting of two or three crystals, each of controlled orientation. Such specimens 
are called bicrystals, tricrystals, etc. The method differs only in obvious details 
from that described for single crystals; the seed crystals of the required orien- 
tations are first produced by the methods described above and then they are 
placed side by side in the boat. If the combined width of the two seeds is less 
than the internal width of the boat, it is desirable to separate them with a 
partition of the kind illustrated in Fig. 6. This is usually of the same material 
as the boat, but in some cases a thin piece of mica is satisfactory. 

The direction of the boundary between the two crystals depends on the 
orientations of the crystals; this will be discussed in the next section. 

3. DIRECTION OF BOUNDARY GROWTH 

It is next necessary to consider the direction in which the boundary is formed 
when two crystals are caused to grow side by side in the type of apparatus dis- 
cussed above. This topic is important not only because it frequently determines 
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the success of a bicrystal experiment, but also because it is closely related to 
the success of attempts to produce single crystals from the melt. 

Experiments on tin have shown that the direction of boundary growth is 
influenced both by the orientations of the crystals and by the speed of growth. 
Consider first the case in which one of the crystals is orientated in the way 
represented in Fig. 7; this method of representation will be adopted henceforth; 


FIG.7 
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Representation of crystal orientation. 

. Bicrystal: rotation about transverse axis. 

3. 9. Bicrystal: rotation about normal axis. 

Fic. 10. Bicrystal: rotation about longitudinal axis. 

Fic. 11. Bicrystal: equal rotations in opposite directions. 


Tyr} "7 
aan 


it represents the stereographic projection of the a, b, and c axes of the crystal, 
the plane of the projection being the horizontal plane of the boat. Fig. 8 re- 
presents a bicrystal in which one crystal has the orientation of Fig. 7 while the 
second is rotated through an angle 6. The boundary forms an angle ¢, which 
increases with the angle @ but is not sensitive to the speed of solidification. 





138 CANADIAN JOURNAL OF PHYSICS. VOL. 31 


A second type of rotation is shown in Fig. 9. In this case, the angle ¢ increases 
with both the speed and the angle @. The third possible rotation of the second 
crystal is shown in Fig. 10. In this case, the angle ¢ is zero. This is because both 
the crystals present the same crystallographic surface to the liquid while growth 
is taking place. This results in the formation of a boundary parallel to the axis 
of the boat, when both the crystals have directions of growth that are parallel to 
this axis. It is, therefore, necessary to consider briefly what is meant by the 
direction of growth of a crystal. Investigations by Teghtsoonian and Chalmers 
(7) and by Rutter and Chalmers (6) have shown that two types of substructure 
are formed during the process of freezing; they are described respectively as 
‘striations’ and “‘corrugations’’. It has been shown that the walls separating 
one unit of the substructure from the neighboring one make an angle with the 
direction of heat flow in the boat that depends on the orientation and the speed 
of growth. In the case of tin, the striations and the corrugations are parallel to 
the direction of heat flow when the orientation is that represented in Fig. 7, but 
when the orientation is changed by either of the rotations shown in Figs. 8 and 
9, the direction depends on the angle 6 and in the case of Fig. 9 on the speed. It 
is regarded as reasonable to consider that the real direction of growth of the 
crystal coincides with the direction of the striations and the corrugations, and 
is therefore not necessarily identical with the direction of heat flow. The only 
orientation in which the direction of growth coincides with the direction of heat 
flow at all speeds is the one shown in Fig. 7; for other orientations, the direction 
of growth is parallel to the heat flow at low speeds and at higher speeds it ap- 


proaches progressively towards the [110] direction. This is also the direction in 
which dendritic growth takes place. 


It is observed experimentally that the conditions for growth of single crystals 
are less critical when they are grown in this orientation than for any other; it is 
described as the ‘direction of easy growth’’. It is found that the direction of easy 
growth always coincides with the direction of dendrite growth and with the 
direction towards which crystal growth tends at high speeds in the few cases 
that have been studied comprehensively. The directions are given below for 
the cases in which they are known. 

Direction of 


Structure preferred growth 


Face centered cubic [100] 
Hexagonal close packed {1010} 
Tetragonal (tin) [110] 


The direction of the formation of a crystal boundary is completely controlled 
by the direction of crystal growth in cases in which the orientations of the two 
crystals are similarly inclined to the direction of heat flow; for example, in the 
special case illustrated in Fig. 11, the boundary between the two crystals follows 
the same direction as the striations and the corrugations in the two crystals; at 
low speeds the boundary will be along the direction of heat flow while at higher 
speeds it will deviate to an increasing extent as the speed increases. When the 
directions of easy growth of the two crystals are not identical, the boundary 
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forms in a direction that depends on these two directions and on the speed in a 
way that has not yet been investigated. 


In addition to the cases discussed above in which the boundary is at least 
macroscopically smooth, there are some conditions in which the boundary is 
not smooth. This occurs when the boundary is formed between two dendrites, 
and it also occurs under other circumstances that have not been definitely 
established ; it is probable that the conditions are that the striations in the two 
crystals converge towards the boundary so that a very small angle is formed 
between them. 

The conditions outlined above make it possible to produce bicrystal specimens 
in which the boundary is parallel to the length of the specimen, or to produce 
tricrystal specimens in which three boundaries meet in a line. Specimens of this 
kind have been used for studies of the specific energy of crystal boundaries (1). 


4. FORMATION OF “STRAY CRYSTALS” 

(a) General 

The main difficulty in growing single crystals is the fact that ‘‘stray crystals” 
or ‘‘strays’’ sometimes form during the process of freezing. The following 
analysis of the conditions that govern the formation of strays is consistent with 
a very large number of observations on a variety of metals, and while it is only 
qualitative, it is believed to form a useful guide in determining the conditions 
that will yield a reasonable proportion of successful single crystals or bicrystals. 


A “stray” is a crystal of different orientation from that of the seed from which 
the crystal is being grown. It follows that the stray grows from a nucleus that is 
crystallographically independent of the growing crystal. In order that a stray 
may be observed in the final crystal, it must first nucleate and it must then grow. 
These two aspects will be considered in turn. It is evident from the moderate 
amounts of supercooling that are observed in experiments such as those of 
Weinberg and Chalmers (8) that the nucleation that is responsible for the for- 
mation of strays must be heterogeneous nucleation; it follows that a stray can 
only be developed when a nucleus is present and there is sufficient supercooling 
for that nucleus to be effective. It is observed that most, if not all, strays nucleate 
at a surface of the specimen, and it is concluded that the nucleus is either a 
suitable region of the surface of the boat or else it is a particle of oxide or other 
solid matter that is floating on the surface of the liquid metal. The material and 
the geometry of the boat no doubt have some effect on the probability of nucle- 
ation taking place there, and it is possible that this should be considered more 
closely when a boat material is being selected. The second condition for nucle- 
ation of strays, namely the existence of supercooling, may arise in several ways, 
as follows: (1) supercooling due to finite rate of freezing, (2) supercooling due to 
impurities, (3) supercooling due to conduction of heat through the boat instead 
of through the solid metal, (4) supercooling due to local heat loss from the 
surface of the liquid metal. 


(1) The freezing point of a metal is the temperature at which the solid and 
the liquid are in equilibrium. If freezing is taking place, it follows that the con- 
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ditions are not those of equilibrium, and the liquid adjacent to the interface 
between the solid and the liquid must be below the equilibrium freezing point. 
The extent to which the interface is below the true freezing point is a function 
of the rate of advance of the interface—that is, of the rate of freezing. The 
probability of nucleation taking place in the supercooled layer of liquid can be 
considered as follows: Fig. 12 represents the variation of temperature along a 


x; 


TEMPERATURE 





b 


Fic. 12. Supercooling at the interface. 


boat; the line FF is at the true freezing point of the metal. It represents the 
position of the interface between the solid and the liquid. Fig. 12a represents 
the conditions when the interface is stationary—i.e., equilibrium conditions. 
Fig. 126 corresponds to the case when the liquid is freezing. The interface is at a 
temperature S below the freezing point, and the liquid is supercooled for a 
distance d from the interface. It is probably roughly correct to suppose that the 
probability P of nucleation in a given element of volume of liquid is proportional 
to the amount of supercooling and to the time during which it is supercooled. 
This would be represented by fs dt, where s is the instantaneous amount of 
supercooling and df is the time during which that amount of supercooling is main- 
tained. The limits of the integration will be the maximum amount of super- 
cooling S and 0. If it is assumed that S is proportional to the speed of freezing, 
so that S = AV, where V is the speed of freezing, and that the temperature 
gradient in the liquid is B, then 
P 1 1 
P= {sa=55-= 2 BY 


from which 


It follows that the probability of nucleation of this type is increased by increasing 
the speed of freezing, and reduced by increasing the temperature gradient in the 
liquid. It is not known how important this effect really is since the effect of 
impurities would be superimposed and in real cases probably exerts a controlling 
influence. 
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(2) The effects of impurities must be considered in relation to their effects 
on the liquidus and solidus temperatures; we will consider an example in which 
an impurity is present to a small enough extent to be completely soluble in the 
solid when it is formed, and for which the phase diagram is of the type shown 
in Fig. 13. Let us suppose that the composition of the impure metal is A. Let 
us now suppose that freezing takes place infinitely slowly, so that, at any instant, 
the whole of the solid has the same composition, as a result of diffusion, and that 
the liquid is also homogeneous. When one half of the material has frozen under 
such conditions, the whole of the liquid will have the composition L, while the 
whole of the solid will be of composition S. The remaining liquid, therefore, 
contains a greater proportion of solute than was in the original liquid. 


TEMPERATURE 


ee ee 


PURE METAL A IMPURITY 


Fic. 13. Effect of an impurity on the melting point. 


At any finite rate of freezing, there would not be sufficient time for the homo- 
geneity of the liquid to be maintained; the distribution of solute in the liquid 
would, therefore, be modified, as shown in Fig. 14, which represents the dis- 
tribution of solute along the length of the boat. In Fig. 14a, the conditions rep- 
resented are those of equilibrium, while Fig. 14d represents a case in which the 
interface is advancing at a finite rate into the liquid; in such a case, the liquid 
changes its concentration only for a short’ distance in front of the advancing 
interface. Since the liquidus temperature depends on the concentration, the two 
curves of Fig. 14 can be replotted as liquidus against position, Fig. 15. 

The real case is shown in Fig. 15, in which the continuous line represents the 
liquidus of the liquid and the broken line aa represents the temperature dis- 
tribution in the liquid, on the assumption that freezing takes place at the 
equilibrium liquidus temperature; if this assumption is not made, and the effect 
of a finite rate of freezing is taken into account, then the actual temperature 
distribution is given by the line 0d. It will be seen that a larger volume of liquid 
is supercooled than was the case for the pure liquid. This will increase the value 
of P, and the extent of this increase will be roughly proportional to the amount 
of the impurity present. The effect of speed will be even more important than 
with the pure metal, as lower speed will now have the effect of flattening out the 
“hump” on the concentration curve, and this will reduce the amount of super- 





142 CANADIAN JOURNAL OF PHYSICS. VOL. 31 






LIQUID 


CONCENTRATION OF IMPURITY 





LIQUID 


CONCENTRATION OF tMPURITIES 





b 


Fic. 14. Distribution of impurity: (a) interface stationary, (6) interface advancing. 
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Fic. 15. Temperature distribution in the liquid. 
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cooled liquid, and so will reduce P. The advantage of a steep temperature 
gradient in the liquid is also explained. Consider the two temperature distribution 
lines 6b and 6d, in Fig. 16; it is evident that there is much less supercooled liquid 
when the temperature gradient is steep (56,) than when it is less steep (0d). 






TEMPERATURE 








Fic. 16. Effect of changing temperature gradient. 










It follows from the foregoing, and it is amply established by experiment, that 
a low speed, a steep temperature gradient, and a pure metal are the desirable 
conditions. There are, however, a variety of reasons which may prevent these 
conditions from being sufficiently closely adhered to, and it is next necessary to 
consider how the material and design of the boat can influence the nucleation 








of strays. 






(b) Nucleation on the Boat 

The two types of supercooling that have been discussed above can occur quite 
remotely from the edge of the growing interface; they are a direct result of the 
fact that heat is conducted through the interface from the liquid into the solid. 
It is also possible, and perhaps much more common, that the loss of heat that is 
required to cause supercooling is at least contributed to by the lateral loss of 
heat that can occur through the boat or from the free (upper) surface of the 
metal. The former of these possibilities, namely the cooling of the surface of the 
liquid metal by contact with the boat, depends on the thermal conductivity of 
the material of the boat and on the temperature distribution across the cross 
section of the boat and the metal in it. Fig. 17 shows two possible shapes of 
interface and the corresponding isothermal surfaces in the boat. In Fig. 17a 
the boat is at a higher temperature than the adjacent liquid at all points near the 
interface; it is unlikely in such a case that there will be nucleation in the liquid 
near the edge of the boat; on the other hand, Fig. 175 shows the reverse case in 
which the boat is cooler than the adjacent liquid and it is much more probable 
that nucleation will be induced by the boat in such conditions. In the apparatus 
used for the production of single crystals by the method under discussion, heat is 
supplied locally at the hot end of the boat, and cooling is usually due to con- 
vection and radiation from the cooler end of the boat. It follows that the desirable 
condition, Fig. 17a, will be produced if the radial or outward flow of heat from 
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the metal to the outside is kept to a minimum compared to the longitudinal heat 
flow in the metal and the boat. In practice, this means that a boat of graphite, 
which has quite a high thermal conductivity, is satisfactory, from the thermal 
point of view, for metals which themselves have a high thermal conductivity, 
such as copper and silver. Difficulties arise with zinc, for example, unless the 
lateral heat loss is limited either by coating the cooler half of the boat with a 
refractory layer or by lining the inside of the boat with a separate thin graphite 


lining (3). 
SOLID ) LIQUID | 
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Fic. 17. Possible shapes of the interface. 


(c) Nucleation at the Free Surface 


When the surface of the metal is clean — i.e., free from oxide — its emissivity 
is low and little heat is lost from it; there is, therefore, little or no supercooling 
as a result of loss of heat from the surface, and stray crystals are not nucleated 
there; however, when there is a layer of oxide, the emissivity of the surface is 
increased and the loss of heat from the surface, and therefore the local super- 
cooling, is increased. This increases the chance of nucleation of stray crystals. 
This is particularly noticeable when the oxide is present in small isolated particles, 
which have often been found to be associated with the initiation of stray crystals. 


(d) Growth of Strays 

The question of whether a stray that nucleates will grow or will be suppressed 
depends on two factors, namely the shape of the solid—liquid interface and the 
direction of the boundaries between the stray and the crystal in which it is 
growing. 

Let us consider first the effect of the shape of the solid—liquid interface, and 
let us assume that the boundary between the stray and the crystal is always 
perpendicular to the interface. This assumption, which is not always true, will 
be reconsidered below. 


Consider the three cases shown in Fig. 18, in which three different shapes ot 
interface are shown. In each case, it is supposed that nucleation takes place at 
the point A. The direction of formation of the boundary, supposed to be per- 
pendicular to the interface, is represented by the line AB in each case. It will be 
seen that the stray will increase in width as growth proceeds in Fig. 18a; in 
Fig. 185 it will remain of the same very small width which it has when it is 
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formed, while in Fig. 18c, it will immediately reach zero width. Thus, the concave 
interface of Fig. 18a is the only one in which the stray will grow. If it does not 
grow, it will disappear as a result of the movement of the boundary towards its 
center of curvature. It will be observed that the shape of interface shown in 
Fig. 18a is also the only one in which surface nucleation is likely to take place. 
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Fic. 18. Effect of interface shape on the survival of strays. 


It has already been shown that the boundary does not always grow in a 
direction perpendicular to the interface, although it always tends to do so at 
very low speeds of growth. At higher speeds, it tends to slope into the crystal 
whose orientation departs the most from the “‘orientation of easy growth’, that 
is, the orientation in which the direction of easy growth is perpendicular to the 
interface. The result of this state of affairs is shown in Fig. 19, in which a crystal 





Fic. 19. Effect of relative orientation on survival of strays. 


is supposed to be growing with a plane interface. Two nuclei N, and N» are 
considered to form with orientations such that N, is nearer to the direction of 
easy growth than the main crystal, while N2 is further from it. The directions of 
formation of the boundaries between the strays and the crystal are shown by the 
arrows. The angle 2¢ decreases as the speed is reduced. It follows that strays will 
only grow at a flat interface if they are more favorably oriented than the crystal. 
The probability of such nuclei forming is less as the crystal is nearer to the 
direction of easy growth. This explains why it becomes progressively more difficult 
to grow a single crystal as the required orientation departs more from the most 
favorable direction. It will also be apparent that the shape of the interface is 
much less critical when the crystal is at or near the most favorable orientation, 
and that it is much more important as the orientation departs further from it. 
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It should also be noted that the interface should be convex not only in the hori- 
zontal plane as illustrated in Fig. 18a, but it should also be convex in the vertical 
plane. This can only be verified by decanting the liquid so as to expose the whole 
of the interface. 

‘Two common observations are explained on the basis of the principles dis- 
cussed above; in the first place, it is found to be much easier to grow “‘thick”’ 
single crystals (of the order of 1 cm.? cross section) than thin ones (less, than 
1 mm.* cross section). This is because the convexity of the interface depends on 
the ratio of the heat lost radially from the specimen to the heat conducted 
longitudinally through the interface from the liquid into the solid. A thin 
cvlinder has a higher surface to volume ratio than a thick one, and so is less 
likely to have a convex interface. Secondly, it has often been pointed out that 
single crystals grown without seeding have a strongly preferred orientation; this 
is accounted for by the fact that, if several nuclei are formed at the same time, 
at the region where freezing commences, and grow competitively, the one that 
most closely approaches the orientation of easiest growth is the one that will 
survive. 

Finally, it is found that the preferred orientations that have been reported in 
connection with the columnar zone in castings can be accounted for in terms of 
the competitive growth of crystals of different orientations; in all the cases that 
have been examined so far, the observations have agreed with the deductions 
from the views expressed above. 
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ON 6 VALUES IN METALS! 


By F. M. KELLy anpb D. K. C. MacDonaLp 


ABSTRACT 


Following a discussion of specific heat theories, it is suggested that, despite its 
limitations, the Debye theory is the most useful representation for general analy- 
sis. Four methods of calculating Op, the Debye ersaieidie temperature, are 
presented; specific heat data of lithium, sodium, and potassium are then analyzed 
and also compared with similar calculations of #z from resistance measurements 
made over a wide temperature range. It is shown that more realistic values of 
are obtained when @ is recognized as a temperature-dependent parameter in the 
mathematical derivation of the relevant equations. It appears that a considerable 
amount of useful information may be obtained from data analysis in this way. 


I. INTRODUCTION 


Many macroscopic properties of solid bodies are expressible within limits by a 
homogeneous function of @/T where @ is a characteristic temperature and T the 
absolute temperature. The most commonly quoted characteristic temperature 
is the one introduced in the Debye theory of specific heats (10). A number of 
authors (e.g. Born and v. K4rmdn (6), Blackman (2, 3, 4), and Brillouin (8) ) 
have pointed out that the Debye theory is an oversimplification. However, the 
extreme convenience and universality of Debye’s treatment (the crystal structure 
and lattice parameters do not explicitly enter the theory) has led to its wide 
application for the presentation of experimental data. The purpose of this paper 
is to discuss the evaluation of the Debye characteristic temperature (@p), and 
the characteristic temperature (8g) which appears in the quantum theory of 
electrical resistance, and to compare critically the different methods of evaluating 
them. Data on the lighter alkali metals are presented and analyzed. 


il. DISCUSSION OF LATTICE THEORIES 


The first attempt to apply quantum rules to specific heats was made by Ein- 
stein (12) who assumed that each atom of the solid vibrated essentially inde- 
pendently with the same frequency. This very simple model leads to surprisingly 
good agreement with observation except at low temperatures where the theo- 
retical values fall well below observations. Einstein himself realized (13) that the 
assumption of a monochromatic vibrational spectrum could only be a very rough 
approximation. 

The Debye theory of specific heats is based on the assumption that a mon- 
atomic lattice may be treated as an isotropic elastic continuum with no dispersion 
of wave propagation. On this model is then imposed the condition that there isa 
unique maximum frequency v,, for the modes of vibration determined by the 
condition that there must be in all 3N* vibrational modes. This then yields a 
characteristic temperature 0p, where k0p= hv», for the metal which is the same 
for the longitudinal and two transverse modes of vibration. 


1 Manuscript received September 6, 1952. 
Contribution from the Division of Physics, National Research Laboratories, Ottawa. Issued 


as N.R.C. ‘No. 2884. 
*More strictly 3N — 5. 
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This assumption of a single cutoff freguency has been criticized by Brillouin (8) 
who shows on general theoretical grounds that it is more realistic to use a single 
cutoff wave length. This may be appreciated qualitatively from the fact that the 
limiting feature for the transmission of elastic waves in the lattice is the inter- 
atomic distance rather than any particular frequency. Brillouin has shown that 
his assumption leads to equipartition in the modes, which is in agreement with a 
general theoretical result that in a gram molecule, the total number of vibrations 
for each particular type of elastic wave must be NV, Avogadro’s number. Debye’s 
assumption does not provide equipartition in the modes but only the more general 
requirement that the over-all total number of vibrations must be equal to 3N. 


As a consequence of Brillouin’s assumption of a common minimum wave length 
the over-all frequency distribution spectrum is changed rather radically from the 
simple v? law of Debye to a distribution function with two or three maxima. 
Instead of a single Debye 6 there are therefore three 6’s, one for each of the two 
transverse modes and one for the longitudinal mode of vibration. At high temper- 
atures both Debye’s and Brillouin’s treatment naturally give the classical specific 
heat C,= 3R. At low temperatures, also, on account of the cubic dependence of 
the specific heat on temperature (C,« T*/6*) and the general velocity relation 
3/@= 1/c3+ 1/c,,3+ 1/c,,, the two theories again give the same value of the 
specific heat. In an isotropic medium, c,;,= c;,, and Brillouin’s theory gives two 
maxima in the frequency distribution. 


Thus far the specific lattice type has not been considered. If, however, we take 
into account the fact that all normal vibrations of the crystal lattice must be 
contained within a surface in reciprocal or momentum space characteristic of the 
lattice (the first Brillouin zone), then it follows (cf. Brillouin (8) and Slater (28) ) 
that the simple v? frequency density assumed obtains only so long as no wave 
vector has contacted the first zone boundary. Thereafter the frequency spectrum 
will decay progressively until the zone is finally filled with the 3N permitted 
vibrations. Only in the case of an ‘‘ideal’’ spherically symmetrical lattice, where 
the zone itse/f is then a sphere, would the cutoff be perfectly sharp. 


If next the assumption of an isotropic medium is removed a clear distinction 
between transverse and longitudinal waves is no longer possible. Fuchs (15)‘has 
applied the Debye model to lithium but with the assumption that v,, depends on 
the direction of propagation of the elastic waves, on account of the marked an- 
isotropy of the alkali metals (14). This assumption then also leads to an over-all 
frequency spectrum with a number of maxima agreeing with the simple Debye 
treatment only at low frequencies. In a recent paper by Post (23) the Debye 
method is extended to a more general anisotropic continuum. For a cubic crystal 
his analysis suggests that it is possible to define a single characteristic tempera- 
ture while for crystals of lower symmetry three at the most are required. 


Finally, the influence of wave-velocity dispersion which is due fundamentally 
to the atomicity of the crystal lattice ought to be taken into account. Schrédinger 
(25) has suggested that the @ values determined from a continuum theory should 
be multiplied by a coefficient 2/m to account for the dispersion. This assumption 











KELLY AND MacDONALD: 6 VALUES IN METALS 149 


is based essentially on the behavior of a simple linear atomic chain (cf. Brillouin 
(8) ). Cornish and MacDonald (9), when discussing the effect of dispersion on 
electrical resistance, have shown that dispersion can also produce maxima in the 
frequency spectrum. 

The Debye theory, and the modifications mentioned above with one exception, 
are all based on the assumption that the crystal lattice can be replaced substan- 
tially by a continuous medium as far as the vibrations are concerned. Since they 
contain no reference to any particular lattice they can be applied generally. On 
the other hand they cannot be expected to take into account detailed lattice 
problems. An exact theory of the specific heat, etc., can only be based on a detailed 
dynamical treatment of the proper vibrations of the atoms in a lattice using 
atomic force constants. This calculation must be repeated for each type of crystal 
lattice and unless simplifying assumptions are made becomes extremely compli- 
cated. Almost at the same time as Debye’s work, Born and v. Karman (6) 
treated a cubic lattice by this method. In practice their calculations assume an 
isotropic medium, but the dispersion of the elastic waves is automatically taken 
into account by the lattice theory. 

The lattice theory has been more recently extended by Blackman (2) and com- 
parisons are made with the continuum theory. Blackman finds that “the main 
result has been the discovery of a number of maxima of the density of the vi- 
brations’’ and suggests that some of the experimental agreement with Debye’s 
theory is fortuitous. The conditions which a cubic crystal must fulfill in order to 
give a fair Debye curve are discussed. The fact that the frequency spectrum will 
exhibit two or more maxima has been confirmed by the work of Kellerman (18) 
on sodium chloride and Smith (29) on diamond. 

The above outline indicates that in many ways the Debye model must be ex- 
pected to be inadequate. This inadequacy is most pronounced in the frequency 
spectrum. However, while the serious limitations of the Debye model are fully 
recognized when applied to a real individual metal, it appears that it is the most 
suitable general representation for experimental data particularly appropriate for 
comparisons between similar metals. We wish now to present a systematic exami- 
nation of the methods for calculating a Debye @ illustrated with experimental data 
obtained on the alkali metals. 


IH. DERIVATION OF CHARACTERISTIC TEMPERATURES 
The Debve model specifies a frequency density distribution 
4nV > 
[1] dn = —-3-- v dv 
é 
where é is the weighted mean velocity of the longitudinal and transverse waves. 
Using the Planck formula for the energy of a single oscillator the molar thermal 


energy of the Debye solid is then immediatelv given by: 


3 
= dx (omitting zero point energy) 


@p/T 
U = 3RT- 3(T, ony f 
0 
[2] = 3RT : F(p/T) 
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where 
F(@p/T) ~1asT— o. 


The zero point energy has been omitted since it does not contribute to calori- 
metric measurements. For the purpose of this paper the Debye characteristic 
temperature is defined by equation [2]. The molar specific heat is customari- 
ly obtained from this expression by (partial) differentiation with respect to 
temperature: 

Op/T 743. 

C, = 3R-3(T, 0) f Je 

0 i 

[3] = 3R- f(6p/T) 


where 


1(Qp/T) ~1lasT— & 


and 


— (42°/5)(T/Op)’ as T > 0. 


The Debye 6's in the literature are then usually derived from experimental data 
by comparison with equation [3]. 


In the foregoing differentiation of U, 6p has been assumed constant, as would 
in fact be the case if a solid conformed precisely to the ideal Debye model. In 
practice, however, 8p as deduced from [3] (or for that matter from [2] ) varies 
with temperature to a greater or less degree. Moreover, the values deduced from 
[3] will not, in general, agree with those from [2]. Nor, indeed, would they in 
general agree with those derived from any other thermodynamic function, as for 
example the entropy (cf. Reference 17). Logically, then, equation [3] should be 
modified to include a term in d@/dT; or, we may integrate the observed C, to 
determine U for comparison with [2].* The use of se dT to give U at constant 
volume is justified in Appendix I. 


A third method of determining 6p is suggested by the ratio C,/(U/T) which 
is, of course, a thermodynamic function and which we shall denote by 2(7). This 
method is appropriate for comparison with an analogous method applied to the 
analysis of the electrical resistance of a metal. Moreover, the numerical constant, 
3R, then cancels out. The 3R arises from the fact that it has been assumed that 
the vibrations of the crystal lattice can be analyzed strictly into 3N normal 
modes. If for any reason, such as incipient vibrational anharmonicity, this as- 
sumption begins to break down, it appears then more appropriate to consider 
the use of this function—although strictly, of course, the basic validity of the 
model is now questionable. 


The presence of C, in =(7) again calls for a “‘correction-term”’ in d6/dT. The 


*In comparing fundamental theories (which will in general determine an energy function) with 
the results of experiment it 1s, of course, perfectly permissible to adopt any mutually consistent 
approach. I.e., if 8p is taken constant in [8] for analysis of experimental data, then the same action 
must be taken in deriving a theoretical value. 
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function 2(7) in terms of 6p)/7 has been computed from the data on the Debye 
function given in the Landdélt-Bornstein tables and an extract is given in Table I. 


TABLE I 
2(T) = G/(U/T) 





| 
1 
| 
| 





| a ‘i | | 
| | | 


0.0 0.1 0.2 0.3 | O4 0.5 | 0.6 07 | 08 0.9 























0/T | 

ey } sae eae nee es —_ i eer 
0 | 1.0000 | 1.0381 | 1.0766 | 1.1161 | 1.1561 | 1.1972 | 1.2387 | 1.2809 | 1.3237 | 1.3671 
1 | 1.4111 | 1.4555 | 1.5004 | | 1.5457 | 1.5917 | 1.6376 | 1.6840 | 1.7306 | 1.7774 | 1.8243 
2 | 1.8714 | 1.9186 | 1.9664 | 2.0125 | 2.0599 | 2.1065 | 2.1529 | 2.1969 | 2.2455 | 2.2914 
3 | 2.3367 | 2/3897 2.4272 | 2.4719 | 2.5159 | 2.5592 | 2.6071 | 2.6446 | 2.6864 | 2.7276 
4 | 2.7679 | 2.8082 | 2.8471 | 2.8853 | 2.9228 | 2.9602 | 2.9976 | 3.0321 | 3.0688 | 3.1024 
5 | 3.1354 | 3.1680 | 3.1997 | 3.2301 | 3.2601 | 3.2893 | 3.3180 | 3.3455 | 3.3719 | 3.3978 
6 | 3.4317 | 3.4505 | 3.4716 | 3.4943 | 3.5160 | 3.5383 | 3.5593 | 3.5786 | 3.5981 | 3.6165 
7 | 3.6337 | 3.6508 3.6686 | 3.6848 | 3.7009 | 3.7155 | | 3.7297 | 3.7431 3.7548 | 3.7672 
3 | 3-783 | 3.7895 | 3.7973 | 3.8005 | 38242 | 3.8313 | 3.8397 | 3.8483 | 3.8571 | 3.8654 


9 | 3.8724 | 3.8811 | 3.8874 | 3.8922 | 3.9012 | 3.9049 | 3.9104 | 3.9149 | 3.9212 3.9248 
10 | 3.9321 | 

11 | 3.9623 

12 | 3.9688 | | 

© | 4.0000 | | | 


| | | | } 
| ' | | 


In this method the correction for the variation of 6p with temperature can be 
made with suitable manipulation of equation [2] to obtain 


aa ee Las 
[4] ott) = C/(U/E) = I (22 + FM ae) aT 


where x = 0/7. A method of successive approximations must then be used to 
obtain a corrected 6p from the results of method [3] where the effect of d6/dT is 
now taken into account. To sum up, the four methods discussed for evaluating 
8p are tabulated below (Table II). 
TABLE II 
METHODS OF EVALUATING 8p 


Mathematical 
Method of assumption of 
No. obtaining 9p behavior of @p 
l Cr: Equation (3] Constant 
o if es oe {2} | Variable parameter 
eo 27 = Cr/(U/T): Table I Constant 
4 | (7) = Cv/(U/T): Equation [4] | Variable parameter 


It is then of considerable interest to compare the @ values obtained from specific 
heat data with those deducible from measurements of the electrical resistance. 
The variation of electrical resistance with temperature is given by the Bloch- 
Griineisen (16) formula 


[5] R =«-5.o(%) 


where R is the electrical resistance, 0, is the associated characteristic temperature, 
G(@2/T) > 1as T— &, and — 497.6(T*/65) as T — 0. The basic assumptions 
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about the character of the lattice vibrations underlying the development of this 
equation are similar to those in the Debye theory of specific heats.* In contrast, 
however, to the thermal energy where the numerical factor (3R) is specified pre- 
cisely, the electron-lattice interaction constant « in equation [5] has not been 
determined with sufficient accuracy by theoretical means. ** Thus, before @z can 
be calculated it is necessary to eliminate x. 

Four methods have been used by us to calculate the @z from the observed re- 
sistance: the assumptions made about the behavior of @g are similar to those 
made for 6p and the last two methods will be found closely analogous to methods 
3 and 4 for @p. 

The first method assumes 6x to be constant and x is eliminated by taking the 
ratio of the resistance R at temperature J to the resistance Rp at temperature To. 
In this case Ty is usually taken as room temperature or the ice point. An initial 
estimate (@,’) of @z is made and the process is then continued by successive ap- 
proximation using the expression: 


[6] G(6'r/T) = (R/Ro) : (To/T) - G(6z/T»). 


Three or four approximations suffice to reach a final value of 0x. (This method 
was used in earlier work by one of us (21, 19).) Alternatively, ifa reference point 
(To, 0) can be chosen in a region where 6 is already known to be essenttally constant, 
then @ may be calculated immediately using: 


[7] (1/0)° - G(@/T) = (T/T) - (R/Ro) + {(T0/80)” G(o/To)} 


where the right-hand side can be evaluated immediately and the left-hand side 
can be tabulated in terms of (6/7). This formula, in contrast to equation [6], 
recognizes @ intrinsically as a variable parameter. It should be noted that 
equations [6] and [7] assume that « is essentially constant over a relatively wide 
temperature range. 

The foregoing methods depend, as we have seen, somewhat critically on an 
appropriate choice of reference temperature. To avoid this difficulty two further 
methods based on the parameter (dR/d7)/(R/T) at any temperature have also 
been used. This then corresponds directly to the use of C,/(U/T) for determin- 
ing 8p. On the other hand, it is then found that 02 as derived in this manner can 
depend very critically on the slope (dR/dT); consequently the scatter may be 
rather great unless very accurate and closely-spaced experimental data are 
available. 

On the assumption of a constant 6, 86g may be deduced from the equation 


[8] (dR/dT)/(R, T) = 1 + \(d log Gd log (6/T))!. 


*Recent work of Rhodes (24) and Sondheimer (30) indicates that the Bloch formula is somewhat 
inaccurate in the region of intermediate temperatures (T XS, 0), but the error is not greater than 
~ 10% and the over-all simplicity makes it most convenient to use. It is also assumed in all treat- 
ments to date that the conduction electrons are quasi-free. The possible deviations from equation 
|3]|—particularly at very low temperatures—which might arise from this source have not yet been 
established with certainty (cf. (31) and (82) ), although tt seems very probable that an apparent fall 
tn Op at low temperatures can arise in this manner. 

**«K 1s a parameter which varies from metul to metal, involving specific assumptions about the degree 
of freedom of the conduction electrons, etc. 
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The function on the right-hand side of this equation has been calculated from 
the data given by Griineisen (16) and in Figs. 1 and 2 is plotted against 6/T to 
facilitate the determination of 6p. 


x|S¢ 
idx 


i> 








| (a)-90 1.0 2.0 30 40 50 
(b}——+3.0 3.5 4.0 ‘ 45 5.0 55 
1. > 
d log G 
Fic. 1. 1 + a = | for x = 0.0 to 5.5 (x = 0/T). 


If now 6g is allowed to be a temperature-dependent parameter we have in 
place of [8] 


| 
dlogR _ 1 4 snd ~ 184 24 jets 








dlogT d log x x dT d logsx 
o d log G ~ ae |d log G| \ 
(9] =14+ |Fesl ~ glee Tl2+ late als 











where x = 6/T. The final correction term in [9] is applied by successive approxi 
mation. When either equation [8] or [9] is used much of the previous dependence 
of 6g on the assumed constancy of « is eliminated. 
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To sum up again, the methods for determining 6, are tabulated briefly in 
Table III. 


TABLE III 
METHODS OF EVALUATING 62 











| 
| Mathematical 
No. | Method of obtaining 0p assumption of 
behavior of 0p 
1 From resistance ratio using reference 
temperature, Equation 6 Constant 
2 | From resistance ratio using reference 
temperature, Equation 7 | Variable parameter 
3 | (dR/dT) / (R/T), Equation 8 | Constant 
+. | (dR/dT) / (R/T), Equation 9 | Variable parameter 


It should be noted that the elastic waves which generally play the major part 
in electron scattering are the longitudinal ones. Thus, if the Debye model were 
an accurate description of the lattice, we would expect @p= @ since in the Debye 
model the longitudinal and transverse modes have the same 6. In the Brillouin 
modification, however, 0;> @p> 6; where it has been assumed that the two 
transverse modes have the same 6, and we would expect 6g= 0;> Op. (Since @p 
is determined mainly by the transverse modes, 6>= 6;, remembering that 
3/@p>= 2/0,3+ 1/6,3.) In practice, however, the Brillouin model does not appear 
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wholly adequate; Blackman (5) has shown that the quantitative agreement 
between @, as calculated from the elastic constants and 6, is not good. 

The electrical resistance, R, is proportional to the internal energy U since both 
are proportional to the mean square vibrational amplitude of the lattice (33) 
except at very low temperatures. Thus, as indicated above, there is a very close 
analogy between the functions C,/(U/T) and (dR/dT)/ (R/T), and consequently 
6, as derived from methods 3 and 4 (Table III) should be most suitable for com- 
parison with 6, from methods 3 and 4 (Table II). 


IV. RESULTS 


The variation of 6p and @z with temperature has been determined for the mono- 
valent alkali metals lithium, sodium, and potassium. The electrical resistance 
measurements were made in a Collins helium cryostat from room temperature to 
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Fic. 3. Variation of electrical resistance of lithium with temperature. Two fixed temperature 
calibration points are shown. 
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helium temperature and in a paraffin bath up to the melting point of the metal 
(19, 20). The values of the specific heats of sodium and potassium were taken from 
the data of Simon and Zeidler (27) and lithium from Simon and Swain (26). 
While the electrical resistance of rubidium (19) and of cesium (c.f. also (21)) 
has also been measured in the cryostat no data on their specific heats are yet 
available. 
(1) Lithium 

The electrical resistance of lithium is given in Fig. 3 and shows no obvious 
anomalies in the region from helium temperatures to 300°K. The values of 02 
determined by the four methods are shown in Fig. 4. 
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Fic. 4. 6g for lithium. In this figure and]Figs."5-10, 
Method 1: —O—O— 
Method 2: -- @--@-- 
Method 3: -- A--A-- 
Method 4:--a--A-- 


6x evaluated by means of method 1 becomes approximately constant at the 
highest temperatures but shows a pronounced maximum at 90°K. and falls 
sharply at low temperatures. The second method allows 6 to be a temperature 
dependent parameter and the results show a much smaller net variation in 6x. 
At the same time the position of the reduced maximum is shifted to 80°K. 
Method 3 resuits in a variation of 6g even greater than method 1 with the maxi- 
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mum appearing at about 110°K. The fourth curve, which is derived using method 
4, however, shows again that much of the apparent variation in 6, arises from 
the assumption that @ is constant. The correction introduced by the term in- 
volving d@/dT always tends to flatten the curve. Once more the maximum in 6, 
is shifted to 80°K. 

The curves obtained from methods 2 and 4 lie very close to one another. Since 
the results of method 2 would be affected by significant changes in x while the 
results of method 4 are essentially independent of x, it may reasonably be con- 
cluded that x is independent of temperature in the range considered. 

All four @z curves exhibit a maximum in the general region of 100°K. Since 
methods 2 and 4 allow for the temperature variation of 0g they should give the 
more reliable determinations and both show the maximum of 6, at 80°K. It 
appears probable that this maximum in 6, is connected with the change in crystal 
structure of lithium which is believed to occur spontaneously at this temperature 
(1). It is particularly important to notice that no discontinuity or anomaly is 
apparent in the R-T curve itself. 

The results of the analysis of the calorimetric data of Simon and Swain (26) 
are given in Fig. 5. At the highest teinperatures the values of 8p become nearly 
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Fic. 5. 8p for lithium. 
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constant while there is a rapid fall at low temperatures. However, as in the case 
of @z, much of the apparent variation of 6p arises from the assumption of a 
constant @ in the equations used to derive the results. 


The values of @p obtained from the energy U (method 2) and C,/(U/T) in- 
cluding the term in d@/dT (method 4) agree within experimental error indicating 
that in the temperature range considered the numerical constant of equations 2 
and 3 does in fact remain constant. 


It should be noted that while there is a maximum in @z at 80°K., there is no 
such effect in the @p curve. This suggests perhaps that the cutoff wave length for 
the longitudinal vibrations on the Brillouin model goes through a minimum at 
this temperature during the structural change while the average cutoff wave 
length remains essentially unaltered. 


A comparison of @z and @p from the analogous methods 3 and 4 is shown in 
Fig. 6. At the lowest temperature 0 is approximately equal to @p while at higher 
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Fic. 6. Comparison of 6g and @p for lithium. 


temperatures 6p > 0, where theory predicts 6p < 6. No obvious explanation 
suggests itself for this very surprising behavior. 

The maximum in the curve of @p arising from C, at 220°K. is discussed in 
Appendix 2. 





KELLY AND MacDONALD: @ VALUES IN METALS 159 


(12) Sodium 

The electrical resistance of sodium shows no anomalous behavior below 300°K. 
except that the straight portion of the curve does not project back through the 
origin (20) contrary to the prediction of the Bloch formula. This aspect of the 
problem may have important implications in a detailed theoretical explanation 
of the behavior of metals and is being examined elsewhere by Dugdale and 
MacDonald (11). 
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FiG. 7. 6g for sodium. 


Fig. 7 shows @z determined by means of the four methods. The points below 
25°K. were determined from the data of MacDonald and Mendelssohn (21). 
Since 6z as determined from the slope (method 3) becomes rather uncertain (see 
p. 152) at low temperatures, method 4 could not be applied. However, methods 1 
and 2 using ratios show that much of the apparent variation of 0 arises from the 
mathematical assumption of a constant @. 

The results of applying the four methods to determine @p for sodium are given 
in Fig. 8. In this case @p is constant at the lower temperatures.* The rapid fall 
in 6p from method 1 is due to the fact that C, becomes greater than 3R at ap- 
proximately 200°K. It appears that more realistic values of 8p are derived from 
methods 2 and 4 where @ is assumed to be a temperature dependent parameter. 

Similarly to lithium, the values of 6p derived from methods 2 and 4 lie close 
together suggesting that the constant of proportionality (3R) in equations [2] 
and [3] does in fact remain constant. 

*For data below 15°K. see Pickard and Simon (22). 
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Method 1 for obtaining @, indicates that 6g is nearly constant below 60°. If 
we then assume that the slope (method 3) also gives a 0g= 200° in this region 
the correction for d@/dT will result in a curve of @, decreasing slightly with 
temperature and closely parallel to the curve obtained by method 2 (ratios with 
@ assumed to be a parameter). Thus, 6p from method 4 would remain approxi- 
mately 20% lower than 6, in qualitative agreement with the predictions of the 
Brillouin model. 
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Fic. 8. @p for sodium. 
(itt) Potassium 

Above 150°K. the electrical resistance of potassium shows anomalies of the 
type observed in rubidium (19). This discussion of 6% will, therefore, be confined 
to temperatures below 150°K. 

In Fig. 9, 6g for potassium shows a rapid drop at the lowest temperatures. 
Again much of this variation is due to neglecting d@/dT in the calculation. Al- 
though the values of 6g as obtained from methods 2 and 4 agree well at low 
temperatures, they diverge at higher temperatures. This suggests, in contrast to 
lithium and sodium, that the electron-lattice interaction constant « does not 
remain constant but is now itself a significant function of temperature. 





KELLY AND MacDONALD: 8VALUES IN METALS 161 
200 





100 


=x 
e 
~ 
a 
@ 


50 








0 50 100 150 200 
T(*K) 
Fic. 9. 6g for potassium. 


The @p curves are displayed in Fig. 10. The specific heat of potassium goes 
above the classical value of 3R at 150°K. and this is reflected in the rapid fall of 
6p to zero at this temperature when @p is derived from C, alone. As in the case 
of sodium, a much more reasonable value of @p can be obtained from the energy 
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(method 2). The results of all four methods are in agreement at low temperatures. 
Similarly to the behavior of 6z, the values of @p calculated with methods 2 and 4 
diverge at higher temperatures. This suggests that some effect takes place in 
potassium which causes the ‘‘constant’”’ 3R to vary with temperature and which 
may well be related to the deviation from constancy of x. 

A comparison of 6, and 6p shows that except at the lowest temperatures 6x is 
approximately 30% greater than @p again in qualitative agreement with the pre- 
dictions of the Brillouin model. 

V. CONCLUSIONS 

The results of the calculations of 6p and @ given in this paper show that the 
values obtained depend on the method used unless 6 is strictly a constant in the 
temperature range under consideration. Much of the apparent variation of @ is 
due in fact to the use of formulae where @ has been assumed constant in the 
mathematical derivation. More realistic @ values over wide temperature ranges 
are obtained when @ is allowed to be a temperature dependent parameter. For 
example, above 200°K. 6p for sodium actually becomes negative when derived 
conventionally from C,, but when derived from U decreases by only some 13% 
up to 300°K. Before refined theories are proposed and developed to explain dis- 
crepancies in results—for example between 6p and 6z—care should be taken to 
ensure that appropriate @ values are being compared. 

The systematic method of analyzing data presented here appears capable of 
yielding much information and suggests profitable lines of investigation. The 
Debye characteristic temperature appears the most suitable and convenient 
parameter for the general analysis of data. When applied consistently our results 
suggest that the simple Debye model of lattice vibrations is indeed a rather better 
over-all representation than might have been expected. 
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APPENDIX I 

We wish to show that U(T,Vo) (where Vo is the volume at absolute zero under 
zero pressure) is very closely equal to f 5 C, dT. Qualitatively this may be seen 
immediately since in the low temperature region there is negligible thermal ex- 
pansion and therefore V = Vo while in the high temperature classical region 
ideally C, is independent of V, having the classical value of 3R. 


A detailed calculation shows that 


AU = U(V) — U(Vo) = — e\r(2h). . 5 0(22) |}. 


Using data of Bridgman (7) for the compressibility of sodium, we find: 
AU = 61 cal. 
Now 
U(V)( = H(V) ) = 1560 cal. (27), 
therefore U(Vo) = 1499 cal. 
But fC, dT = 1497 cal. 
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by numerical integration, showing therefore excellent numerical agreement. 
Similar calculations for potassium give equally satisfactory results. 


APPENDIX II 


When the values of @> for lithium are derived from equation 3 for C, a definite 
maximum appears in the @ curve at 220°K. ((26), see also Fig. 5). There is no 
‘such maximum in the @ curve derived from equation 2 for U. It can be shown 
that spurious maxima in 6 derived from C, can indeed arise from neglecting 
terms in d6/dT. 

The energy is given by equation 2: 

U = 3RT F(6/T). 
Differentiating with the assumption that @ is a temperature dependent parameter 
we obtain 


re G- - 3R) F/T) ne re/t)(% - =) 
Thus 

ll 
[11] (Cs)ovs = Ci + 3R F'(0/T) or 


where (C,)ops is the experimentally observed specific heat, C; the specific heat as 
conventionally computed without d@/d7, and the @ entering the equation is the 
‘‘true’’ @ for the lattice. For reasons discussed in the text we shall take the ‘‘true”’ 
6 to be the one derived from the energy U for this discussion. 





T 


(b) 


Fic. 11. Schematic curves illustrating the effect on @ of the term involving d@/dT. 
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In equation 11 F’(6/T) is intrinsically negative. Hence when d6/dT is positive 
the observed specific heat will be smaller than C;. Consequently, if we calculate 
9 from the observed specific heat using method 1 we will obtain a @ greater than 
would be obtained from method 2. 


As a limiting case let us imagine that a body has a 6 derived from U as shown 
in Fig. 11a, curve A. Then it follows that the 6 derived from equation 3 for C,’ 
will appear as in curve B. First order discontinuities in B occur at temperatures 
where there is a second order discontinuity in A. When d6/dT = 0, curves A 
and B coincide. 


In practice, smooth curves as in Fig. 116 might be expected, and these 
appear adequate to explain the experimental behavior of lithium. 
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NOTE 


NOTE ON THE CONCEPT OF VACUUM IN QUANTUM ELECTRODYNAMICS 
By F. A. KAEMPFFER 


It is well known that certain difficulties arising from the existence of negative 
energy states in the relativistic theory of the electron can be avoided, according 
to Dirac (1), by assuming that in vacuum all states of negative energy are filled 
up with electrons. To make this assumption agree with experience it is further 
postulated that the electrons filling up the negative energy states do not produce 
an external field and do not give any contribution to the total energy and 
momentum of the system. Thus it seems, on first sight, that the introduction of 
Dirac’s concept of vacuum means replacing a severe difficulty by an even more 
formidable one. 

It is the purpose of this note to show that the situation in reality might not 
be quite as bad as that. Unfortunately there exists at present no mathematical 
formalism which allows one to calculate in a rigorous way the interaction energy 
of the completely degenerate Fermi gas representing the vacuum. The calcula- 
tions presented here should therefore not be taken too seriously, as they can at 
best only illustrate the physical idea. 

Assume, with Dirac, that in vacuum the states of negative energy are indeed 
filled up with electrons, say down to a lowest level of momentum P; assume 
further that these electrons behave in their ordinary way, i.e. that they possess 
mechanical energy and that they interact through the electromagnetic field. 
Then there exist two contributions to the total energy per unit volume of the 
system, calculated relativistically up to first order terms in e? and expressed 
as a function of the momentum of the lowest level P = omc :* 

(1) The rest energy and kinetic zero-point energy of the electrons. This energy 
is negative and has the value 


(1] Ey=—- Fa(me)‘{o(1 + 0”)!(1 + 207) — arcsinh o} 


as is well known. 

(2) The energy of the system due to the electromagnetic interaction of the 

electrons. This energy has the character of an exchange energy since (taking 
* If one believes that static interactions, i.e. interactions which do not involve emission and 

reabsorption of virtual photons, have a meaning in quantum electrodynamics, then there exists a 


third contribution of order e? to the total energy of the vacuum, namely the electrostatic interaction 
between the electrons of negative energy 


_ f "dV dV_ 
Es = 9¢ jr—r] 


which cannot be evaluated or made finite without further assumptions regarding the geometrical 
structure of the electron. But whatever the numerical value of Ex, it will always be positive and 
thus support the argument put forward in this note. 
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into account only processes of first order in e?) all that the electrons can do under 
the influence of their electromagnetic field is to make elastic collisions, in which 
an electron of momentum /,; makes a transition to the state of momentum 2, 
while the other electron which previously occupied this state p2 jumps into the 
state p;. Such a process amounts to an exchange of two electrons, a virtual 
photon of momentum /; — p2 being emitted and reabsorbed during the tran- 
sition. Using the complete Moeller interaction (2) one obtains after a somewhat 
lengthy though straightforward calculation for the exchange energy of the system 
the expression 


2 
2] E= 4a (mc)*{6(arcsinh a)? — 120(1 + 0”)! arcsinh « + 607 + 20°}. 


Expansion yields for ¢ < 1 the well-known nonrelativistic exchange energy of 
the degenerate Fermi gas 


Ane 
— 
which is negative and entirely due to the Coulomb interaction of the electrons. 
For large o, however, the magnetic interaction becomes dominant, £, turns 
positive, and only the last term of [2] is of importance. One sees that both Ey 
and £, are proportional to o for large o, but with opposite sign. It is clear, 
however, that one cannot expect here numerical compensation of Ey by Fi, as 
even for small o the perturbation formalism used for the calculation of E, does 
not converge (3). Furthermore problematic self-energy terms have been neglect- 
ed here. Nevertheless one is tempted by the fact that £, turns positive for large 
o to conceive of the vacuum asa state of total energy zero (or at least of minimum 
energy), the levels of negative energy being filled by electrons in such a way that 
the positive interaction energy compensates for the negative mechanical energy 
of the system. One should therefore expect that in a rigorous theory of the 
vacuum (which has not been found yet), there exists in fact a ‘‘bottom”’ of the 
Dirac sea, determined by the condition that the total energy of the vacuum be 
zero (or be at least a minimum), and depending on the numerical value of 
e?/hc, as a comparison of the proportionality factors of Ey and FE, suggests. It 
is unlikely that the final clarification of this point can be found within the frame- 
work of contemporary quantum electrodynamics. 


[3] n= (mc)‘o" 
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LETTERS TO THE EDITOR 





Under this heading brief reports of important discoveries in physics may be published. These 
reports should not exceed 600 words and, for any issue, should be submitted not later than six weeks 
previous to the first day of the month of issue. No proof will be sent to the authors. 


Some Reactions Produced in Ilford Emulsions 


The beam from the 70 Mev. synchrotron at Queen’s University has been used to irradiate a 
series of Ilford C2 and E; emulsions 200 microns thick. A preliminary report on the reactions 
which have been identified is given below. 

Using the method of momentum unbalance (1), 310 C!*(7,3He‘) stars have been identified. 
Corrections for surface loss have been determined experimentally and also theoretically on the 
basis of a simple model. Both methods give results that are in good agreement. Using the 
theoretical correction for surface loss and the flat spectrum between 10 and 30 Mev. found here 
experimentally (3), the cross-section curve shown in Fig. 1 has been calculated. It consists of 
two definite narrow resonances and several others whose existence is not certain on the basis 
of the present statistics. Agreement with the results of Goward and Wilkins (2) is as good as 
can be expected. Peak heights are probably low owing to a smearing-out effect caused by the 
width of the energy intervals used (1 Mev.). The cross-section curve for the O'*(7,4He‘) re- 
action shows a similar structure, but to date only 120 such stars have been measured with the 
corresponding photon energies varying from 21 to 54 Mev. The statistics are therefore not good 
enough to give the variation of the cross section with energy. 


CROSS SECTION FOR C!® + ¥ ~ 3He* REACTION (310 STARS) 
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Fic. 1. Cross-section curve for the C!(y, 3He*) reaction. Energy intervals 1 Mev. wide have been used and 
probable errors indicated. 
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By taking suitable precautions it has been found that well over 50% of the stars observed 
have proton tracks. One group of such reactions is of the form proton plus alpha particle plus 
recoil. Several examples of each of the following reactions of this type have been identified. 

C®+ »— H!+ He‘t+ Li?7— 24.6 Mev. 
N'“*+ »— H!+ Het+ Be®— 18.2 Mev. 
O'%-+4 »— H!+ Het+ B"— 23.2 Mev. 


It is hoped that cross-section curves for these reactions will be obtained in course of time. These 
reactions, as well as the N!4(7, He*)B!° and O1%(y, He*)C" reactions, can be of considerable use 
in determining the validity of theoretically determined range—energy relations for these recoils. 
Reactions have also been identified in which, instead of an alpha particle, we get two deuter- 

ons or a proton and a triton. Examples are listed below. 

C+ »~— 2H?+ 2Het— 31.1 Mev. 

C+ +— H!+ H+ 2He*— 27.1 Mev. 

O%+ +~— 2H?+ 3Het— 38.4 Mev. 


Frequently instead of a deuteron we apparently get a proton and a neutron. Reactions in which 
this occurs cannot be identified by the momentum unbalance method. However, one is fairly 
certain of their identity by a close visual examination of the star. In such cases grain counting 
methods will be used to discriminate between protons and deuterons. 
In addition to thé two reactions observed in nitrogen mentioned above, the following re- 

actions have been identified: 

N14+ y— 2He‘+ Li®— 16.1 Mev., 

N'4+ »— H?+ 3Het— 17.6 Mev., 

N4+ y»— 2H!+ B”— 25.8 Mev. 


Only one example of the last-named reaction has been found. It was observed by I. B. Mc- 
Diarmid. Mention of it is made because it was noticed in a G; emulsion, the decay electron 
from the B" being visible. The energy of this electron was found to be 5 + 1 Mev. from scatter- 
ing measurements. This value happens to be very close to the most probable energy of the 
spectrum. 

We should like to thank Dr. J. A. Gray, who suggested this research, for the interest he has 
shown in it. Financial assistance from the National Research Council, the Reuben Wells 
Leonard Foundation, and Shawinigan Chemicals Limited is gratefully acknowledged. 
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The Half-life of Europium-152,154* 


Europium-152,154 is being considered as a possible substitute for cobalt-60 in teletherapy of 
deep-seated cancer. The hi » be activation cross section and the possibly longer half-life make 
it very attractive. Wide dnt and uncertainties were noticed in the various values of the 
half-life quoted in the literature (1, 2, 3, 4, 5), and it was felt that a more definite knowledge of 
the decay rate of the mixed source would be worth while i in view of its potential medical and 
industrial importance. A measurement of this decay rate is therefore being undertaken and a 
preliminary value has been obtained. 

The source being used for the determination of the half-life is a normal europium sample 
irradiated in the Chalk River reactor. The gamma-ray intensity of this source is being compared 
with that of a 250 mgm. radium standard. The comparison is made with a hig h precision 
apparatus, the ionization chamber of which has been described by Laurence (7). This equipment 
is used for standardization of radium and cobalt-60 sources and the intensity ratios obtained 
in routine measurement have a probable error of less than 0.5%. 

A careful comparison has been made at intervals of a few weeks for an observation period 
extending over more than 200 days. A least squares fitting of a decay curve to the data obtained 
indicates that the curve is reasonably linear over this period of time. The half-life of europium- 
152,154 corresponding to the slope is 15.6 years with a probable error of 1.5 years. This agrees 
with the new values of 13 + 2 years for Eu"? and 16 + 4 years for Eu" obtained recently 
by Karraker, Hayden, and Inghram (6). 

I wish to thank D. Green of the Commercial Products Division, Atomic Energy of Canada, 
Limited, for suggesting the need for a precise determination of the europium half-life. I also 
wish to thank H. Brown for his assistance in making the measurements. 
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